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Abstract. In this paper, we initiate the study of a class D™(H) of noncommutative domains of n- 
tuples of bounded hnear operators on a Hilbert space Ti., where m > 2, n > 2, and p is a positive 
regular polynomial in n noncommutative indctcrminates. These domains are defined by certain positivity 
conditions on p, i.e., 

D^(W) := |X := : (1 - X*) > for 1 < fe < m} . 

Each such a domain has a universal model (Wi , . . . , Wn) of weighted shifts acting on the full Fock space 
F'^(Hn) with n generators. The study of D™(W) is close related to the study of the weighted shifts 
Wi, . . . , Wn, their joint invariant subspaces, and the representations of the algebras they generate: the 
domain algebra ^„(D™), the Hardy algebra F^(D™), and the C*-algebra C*(VKi, . . . , W„). A good 
part of this paper deals with these issues. 

The main tool, which we introduce here, is a noncommutative Berezin type transform associated 
with each n-tuple of operators in D™(H). The study of this transform and its boundary behavior leads 
to Fatou type results, functional calculi, and a model theory for n-tuples of operators in Dp"('H). These 
results extend to noncommutative varieties V™g(?^) C D™('W) generated by classes Q of noncommuta- 
tive polynomials. When m > 2, n > 2, p = Zi + ■ ■ ■ + Z„, and Q = 0, the elements of the corresponding 
variety V^qCH) can be seen as multivariable noncommutative analogues of Agler's m-hypercontractions. 

Our results apply, in particular, when Q consists of the noncommutative polynomials ZiZj — ZjZi, 
i,j = 1, . . . ,n. In this case, the model space is a symmetric weighted Fock space _Fj^(D^), which is 
identified with a reproducing kernel Hilbert space of holomorphic functions on a Reinhardt domain in 
C", and the universal model is the n-tuple {M^^ i • ■ • , A^A„ ) of multipliers by the coordinate functions. In 
this particular case, we obtain a model theory for commuting n-tuples of operators in D™(7i), recovering 
several results already existent in the literature. 



Introduction 

Let F+ be the unital free semigroup on n generators gi, . . . ,g„ and the identity go, and consider a 
polynomial q = q{Zi, . . . , Zn) — ^ CaZ^ in noncommutative indeterminates Zi, . . . , Z„, where we denote 
Za ■= Zi^ . . . Zi^ \i a. — gi^ . . . gi^. G F+, ik G {!,..., n}, and Zg^ :— I. We associate with q the 

operator 

q{X,X*) :=^c„X„X:, 

where X :— {Xi, . . . , Xn) e B{H)" and B{Ti) is the algebra of all bounded linear operators on a Hilbert 
space 7i. Let p = p{Zi, . . . , Zn) — "^aaZa, a-a G C, be a positive regular polynomial, i.e., Oa > 0, 
flgg = 0, and flg. > 0, i = 1, . . . ,n. Given m,n £ {I, 2, . . .}, we define the noncommutative domain 

T>p{n) := {X := {Xi,...,Xn) e B{nr : {1 - p)\X, X*) > for 1 < fc < m} . 

In the last fifty years, these domains have been studied in several particular cases. Most of all, we should 
mention that the study of the closed operator unit ball 

[5(^)]r := {X e B{H) : / - XX* > 0} 
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(which corresponds to the case m = 1, n ~ 1, and p = Z) has generated the celebrated Sz.-Nagy- 
Foias theory of contractions on Hilbert spaces and has had profound implications in function theory, 
interpolation, prediction theory, scattering theory, and linear system theory (see [55], [32], [13], [TU], etc). 
The case when m = 1, n > 2, and p = Zi + ■ ■ ■ + corresponds to the closed operator ball 

[B{ny\ := {{Xi, . . . , x„) e B{nr ■. i - XiXi XnX* > o} 

and its study has generated a free analogue of Sz.-Nagy-Foias theory (see [H], [T^, [3D], [3T], [52], [53], 
[34], [35], [^, [37], [38], [39], [16], [11], [40], [42], [43], [45], [46], etc.) The commutative case, which 
corresponds to the subvariety of [B('W)"]i determined by the commutators ZiZj — ZjZi, i,j = 1, . . . ,n, 
was considered by Drurry [5D], extensively studied by Arveson [7], and considered by the author [35] in 
connection with noncommutative Poisson transforms. More general subvarieties in [i3(7i)"]i, determined 
by classes of noncommutative polynomials, were considered by the author in (43j and [45] . The study of 
the unit ball [_B(H)"]i was extended, in [47], to noncommutative domains D™(H) (resp. subvarieties) 
when m = 1, n > 1, and p is any positive regular noncommutative polynomial (resp. free holomorphic 
function in the sense of [44]). 

In this paper, we initiate the study of noncommutative domains D™(7i), when to > 2, n > 2, and p 
is any positive regular noncommutative polynomial. What makes the case m > 2 quite different from 
the case to = 1 is that D™(7i) is not a ball-like domain, when m > 2. This can be seen even in the 
single variable case (n = 1) (see [T], [2], [55], [17] ). We introduce a class of noncommutative Berezin 
transforms associated with any n-tuple of operators in D™(7i). The study of these transforms and their 
boundary behavior leads to Fatou type results, functional calculi, and a model theory for n-tuplcs of 
operators in D™(7i). Our results extend to noncommutative varieties V™g(7i) generated by classes Q of 
noncommutative polynomials, i.e., 

■■= {(^1' • • ■ , ^n) e T>^{n) : g(Xi, . . . ,X„) = 0, g e Q} . 

In Section 1, we associate with each m^n ^ {1,2,...} and each positive regular noncommutative 
polynomial p — p{Zi, . . . , Z„) = ^ ciaZa-, a noncommutative domain D™(7i) C i?(7i)" and a unique 
n-tuple {Wi, . . . , Wn) of weighted shifts acting on the full Fock space F^{Hn) with n generators. They 
will play the role of the universal model for the elements of D™(?i). We also introduce the n-tuple 
(Ai,...,A„) associated with D™(7i), which turns out to be the universal model associated with the 
noncommutative domain D~'(7i), where p = p{Zi, . . . , Zn) — X^^fi^a and a denotes the reverse of 
9n- ■■Qik^ i-e., a := g^^ ---gn- 

In Section 2, we introduce a noncommutative Berezin transform By associated with each n-tuple of 
operators T :— (Ti, . . . , r„) G D™(7i) with the joint spectral radius rp{Ti, . . . , r„) < 1. More precisely, 
the map Bt : B{F^{Hn)) B{n) is defined by 

(\ —m / \ — m 

|a|>l / \ |a|>l / / 

where Ay.m^p [(1 - p)'"(T, r*)]!/^ and x^yeU. We remark that in the particular case when: to = 1, 
n = 1, p = Z, = C, and T = A e D, we recover the Berezin transform |T2^ of a bounded linear operator 
on the Hardy space 7?^(]D)), i.e., 

Ba[5] - (1 - lAp) (5A:a, fcA) , ge B{H^B)), 

where kx{z) :— (1 — Xz)^^ and z, A G D. The noncommutative Berezin transform which will play an 
important role in this paper. 

First, we show that the Berezin transform has an extension B-r : B{F'^{H„)) B{H) to any n- 
tuple T € D™(7i). This is used to prove that the restriction of By to the operator system S := 



spa,n{WaWS; a, f3 ^ F+} is a unital completely contractive linear map such that 



Bt[Wc.WS] = M, a,l3& F+, 
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when T := (Ti, . . . , T„) G D™(?i) is a pure n-tuplc of operators (i.e. p^{T, T*) — !■ strongly as fc — !■ oo). 
We obtain a similar result for n-tuple of operators with the radial property, i.e., (rTi, . . . , rT„) G D™(H) 
for any r € (5, 1] and some 5 G (0, 1). In this case, we show that 

^{g) := limBrTlg], geS, 

r— *1 

exists in the norm operator topology and defines a unital completely contractive map ^/ : S ^ B{T-L) 
such that * {Woe W^)=T„T^, a, /3 e F+ . 

In Section 3, wc introduce the Hardy algebra i^^(D™) (resp. (D™)) associated with the non- 
commutative domain D™ and prove some basic properties. We mention that an n-tuple of operators 
T := (Ti, . . . ,T„) e D™(H) is called completely non-coisometric (c.n.c.) if there is no vector h G Ti, 
h ^ 0, such that {p^ {T,T*)h,h}j = for any k = 1,2,.... The main result of Section 3 is an 

i^^(D™) fimctional calculus for (c.n.c.) n-tuplcs of operators in the noncommutativc domain D™(7Y). 
More precisely, we show that if T :— (Ti, . . . ,T'„) is a c.n.c. n-tuple of operators in a noncommutativc 
domain D™(W) with the radial property, then 

$(5) := SOT- hm g{rTi, . . . ,rT„), g = g{Wu • • • , W„) e F^{r>^), 

exists in the strong operator topology and defines a map $ : F^(D™) B{H) with the following 
properties: 

(i) = SOT- lim BrTlg], where B^t is the Berezin transform at rT e D™(W); 

(ii) $ is WOT-continuous (rcsp. SOT-continuous) on bounded sets; 

(iii) <E> is a unital completely contractive homomorphism. 

In Section 4, we find all the eigenvectors for , . . . , W*, where {Wi, . . . , W„) is the universal model 
associated with the noncommutativc domain D™. As consequences, we identify the w*-continuous 
multiplicative linear functional on the Hardy algebra i^^(D™) and find the joint right spectrum of 
(Wi, . . . , Wn)- We introduce the symmetric weighted Fock space F^^(D™) and identify it with i/^(Dj ^(C)), 
the reproducing kernel Hilbert space with reproducing kernel Kp : .^(C) x Dp Q(C) C defined by 

Kpin, A) := , ^ - .m for all A, e D^_„(C), 

where 

Dp,c(C) := {a = (Ai, . . . , A„) e C" : ^ < l} C D™(C), 

Ac := Ail • • • Ai„ if a = ffii • • • gi^ G F+, and Xgo=l. 

We show that the algebra -ff°°(Dp ^,(C)) of all multipliers of the Hilbert space iJ^(Dp ^(C)) is reflexive 
and coincides with the weakly closed algebra generated by the identity and the multipliers Mx^ , . . . Ma„ 
by the coordinate functions. Moreover, the multipliers Mx^ ,.. ■ Mx„ can be identified with the operators 
L\, . . . , Ln, where 

Li := Pp2(i3m)Wi|i72(D™), i = 1, . . . ,n, 

and {Wi, . . . , Wn) is the universal model associated with the noncommutativc domain D™. Section 4 
will play an important role in connecting the results of the present paper to analytic function theory on 
Reinhardt domains in C", as well as, to model theory for commuting n-tuples of operators. 

In Section 5, we consider noncommutativc varieties V™q(H) C D™(W) determined by sets Q of 
noncommutativc polynomials. We associate with each such a variety a universal model (Si, . . . e 
V™q(A/'q), which is the compression of {Wi, . . . , Wn) to an appropriate subspacc A/q of the full Fock 
space F'^(Hn). We introduce the constrained noncommutativc Berezin transform B^ : B{N'q) —> B{l-C) 
and use it to obtain analogues of the results of Section 2, for subvarieties. We also show that, if the 
constants belong to the subspace A/q, then the C*-algebra C*{Bi, . . . , Bn) is irreducible and all the 
compacts operators in B{Nq) are contained in the operator space span{BcS| : a,(3 G These 
results are vital for the development of model theory on noncommutativc varieties. 
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In Section 6, we obtain dilation and model theorems for the elements of the noncommutative variety 
V™g(7i). First, we prove that an n-tuple of operators T := (Ti, . . . ,T„) £ BiTi)^ is a pure element of 
vf^Q{H) if and only if 

T* = {B* ® lT,)\n, i = l,...,n, 



where H is an invariant subspace under each operator B* ® I-p, i = l,...,n, V := ApmrTi-, and 
Ap^™,T:=[(l-pr(T,T*)]i/2. 

When (Ti, . . . ,r„) e V™Q(7i) is an n-tuple of operators (on a separable Hilbert space Ti.) with the 
radial property and Q is a set of homogenous noncommutative polynomials, we show that there exists 
a *-representation tt : C*{Bi, . . . , i?„) — s- B{K,-^) on a separable Hilbert space /Ctt, which annihilates the 
compact operators and 

=/yc,, where 7r(B) := (^(Si), . . . , ^(B„)), 
such that T* — V* |7i for i = 1, . . . , n, where the operators 



V, 



Bi (g)Iv 
7r{B,) 



are acting on the Hilbert space K, := {JVq ^ V) (S) JCt^ and Ti. is identified with a ^-cyclic co- invariant 
subspace of K. under each operator Vi, i — 1, . . . ,n. 

In the single variable case, when m>2,n — I, p — and Q — 0, the corresponding variety coincides 
with the set of all m-hypercontractions studied by Agler in [1], [2], and recently by Olofsson [26], [27] , 
When ni > 2, n > 2, p = Zi + ■ ■ ■ + Zn, and Q = 0, the elements of the corresponding domain D™(7i) 
can be seen as multivariable noncommutative analogues of Agler's m-hypercontractions. 

In the particular case when Qc coincides with the set of polynomials ZiZj — ZjZi, i, j = I, . . . ,n, we 
can combine the results of Section 4 and Section 6 to recover several results concerning model theory 
for commuting n-tuples of operators. The case m > 2, n > 2, p = Zi + ■ ■ ■ + Z„, and Q = Qc, was 
studied by Athavale [9j , Miiller [24| , Miiller-Vasilescu [25] , Vasilescu [49] , and Curto-Vasilescu [14| . Some 
of these results concerning model theory were extended by S. Pott [48j to positive regular polynomials in 
commuting indeterminates. 

We should mention that most of the results of this paper are presented in a more general setting, 
namely, when the polynomial p is replaced by a positive regular free holomorphic function (see Section 
1 for terminology). In a future paper, we expect to use these results to obtain functional models for 
the elements of the noncommutative domain D™(H) (resp. subvariety V™g(H)), based on characteristic 
functions. 



1. Noncommutative domains and universal models 

In this section, we associate with each positive regular free holomorphic function / on [i?(7Y)"]p, 
p > 0, and each m,n G {1,2,...}, a noncommutative domain D™(7i) C B{H)" and a unique n-tuple 
(W^i, . . . , Wn) of weighted shifts. This n-tuple of operators will play the role of the universal model for 
the elements of D™(7i). We also introduce the n-tuple (Ai, . . . , A„) associated with D™(7i), which turns 
out to be the universal model for the elements of the noncommutative domain D j. 

Let Hn be SbH 7T--diiTLGnsioncLl complGx Hilbert sp&.ce with orthoiiornicLl basis 61, 62, • ■ • ? 

where 

n G {1,2, . . .}. We consider the full Fock space of iJ„ defined by 

fe>0 

where if®" := CI and i?®'"' is the (Hilbert) tensor product of k copies of iJ„. Define the left creation 
operators Si : F^(i7„) F^{Hn), i — I, . . . ,n, hy 

and the right creation operators Ri : F^{Hn) F^{Hn), i = 1, . . . , n, by Riip := ip® a, (/? G F^{Hn). 
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The algebra F!^ and its norm closed version, the noncommutative disc algebra An, were introduced 
by the author [34j in connection with a multivariable noncommutative von Neumann inequality. 
is the algebra of left multipliers of F'^{Hn) and can be identified with the weakly closed (or it;* -closed) 
algebra generated by the left creation operators 5*1,..., S'„ acting on F^(_ff„), and the identity. The 
noncommutative disc algebra An is the norm closed algebra generated by 5*1, . . . , S'„, and the identity. 
For basic properties concerning the noncommutative analytic Toeplitz algebra F^ we refer to [32] , [33] , 

[35], [3S], [37], [3S], [H], [IH], [11], [E], and [1]. 

Let be the unital free semigroup on n generators gi, . . . ,g„ and the identity go. The length of 
a G F+ is defined by \a\ := if a = go and |q;| := A: if a = gi^ ' ' ' 9ik^ where zi, . . . , G {!,..., n}. If 
X := {Xi, . . . , Xn) E B{H)", where B{Ti) is the algebra of all bounded linear operators on the Hilbert 
space 7i, we denote Xa '■= Xi^ ■ ■ ■ Xi^ and Xg^^ := I-h- 

We say that / = /(Xi,...,X„) := X]QgF+ ^ct"'^"' € C, is a free holomorphic function on the 
noncommutative ball [i?(7i)"]p for some p > 0, where 

[5(W)"]p := {(^1, ■■■,Xn)E B{nr ■■ \\XiX* + ■■■ + XnX*\\ < p}, 

if the series X]fc°=o Sia|=fc convergent in the operator norm topology for any (Xi,...,X„) e 
[B{H)^]p. According to [l^, / is a free holomorphic function on [B{H)'"']p if and only if 

limsup la^p < -. 

Throughout this paper, we assume that > for any a G F+, agg = 0, and Ug. > 0, i — 1, . . . ,n. A 
function / satisfying all these conditions on the coefficients is called a positive regular free holomorphic 
function on [i?(7i)"]p for some p > 0. 

Lemma 1.1. Let f be a positive regular free holomorphic function on [_B(7i)"]p, p > 0, with the represen- 
tation f{Xi, . . . , Xn) ■= J2ae¥+ ^aXa, Cq, G C. Then there exists r G (0,1) such that \\f{rSi, ... ,rSn)\\ < 
1 and, for any m — 1,2, . . 

oc 

[l-f{rSu...,rSn)]-'^^J2 E ^i"^^'"'^", 

k=0 \a\=k 

where ~ 1 and 

(1-1) = E E • • • (' 7 - ^- 

|Tll>l....,hj|>l 

Proof. Due to the Schwartz type lemma for free holomorphic functions on the open unit ball [_B(7i)"]i 
(see [H]), there exists r > such that f{rSi,...,rSn) is in the noncommutative disc algebra An 
and ||/(rS'i, . . . ,rSn)\\ < 1- Therefore, the operator / — f{rSi, . . . ,rSn) is invertible with its inverse 
g{rSi, . . . , rSn) [I — f{rSi, . . . , rSn)]~^ in An C F^. Assume that g{rSi, . . . , rSn) has the Fourier 
representation J^a^w^ 6a VI"'S'q for some constants 6q ^ G C. Consequently, using the fact that rl^lfoa ^ = 
PcS^g{rSi, . . . , rSn){l), we deduce that 

girSi, . . .,rSn) = / + f{rSi, . . . ,rS'„) + f{rSi, . . . ,rSnf H 

oo / \a\ 

= ^+EE E E k'"'^- 



k=l \a\=k 



j = l 71---7j=o 
7ll>l,-.-,lTj 



Due to the uniqueness of the Fourier representation of the elements in we deduce relation p.ip . 
when m = 1. Now, we proceed by induction over m. Assume that relation (|l.ip holds for m and let us 
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prove it for m + 1. Notice that 
[/-/(r5i,...,rS„)]-(™+i) 

= [/ - firSu. . . , rSnT^'il - /(r5i, . . . , r5„)] 



|a.|>l 



Yl '^^i ■ ■ ■ 



iSll>l,....l«jl>l 



j + m— 1 
m — 1 



X < 



kl>i 



l«ll>l,-.-.l«Jcl>l 



|7|>1 



l7l |7| 

j = l «l--«j=T 

l«ll>l,...,l«^l>l 



fe=l ei-«fe=7 

|eil>l,.-.,|efcl>l 



j + m — I 
m — 1 



+ E EE E E 

lu-ISLI-ISl |«il>l,.. ,|«,-|>1 l«ll>l>-.l«fel>l 



j + m — 1 
m — 1 



If we look closer to the sums in the brackets, we notice that each product a^j-^ ■ ■ ■ Un^, where ??i • • • r/p = 7 
with rii,. . .r]p & F+ and |r;i| > 1, . . . , \r]p\ > 1, occurs p+1 times. This is because 





if iVi,- 


■■Vp) = 








■o-ek if (m,- 


■■Vp) = 


(6,. 




a?. 


if ivu- 


■■Vp) = 







Moreover, at each occurrence, the product a^^ • • • a^^ has a coefficient which is equal to 

m — 1 \ 
TO — 1/ 
j + TO — 1 
TO — 1 

' p + m, — 1 

TO — 1 

Hence, we deduce that the coefficient of • • • cirjp is equal to 



if im,- 


■■rip) 


= (ei,- 


••,efc) 




if 


■■Vp) 


= (a,. 




. ,efe) and j = l,...,p-l 


if im,- 


■■Vp) 


= te,- 







E 

j=0 



j + TO — 1 
TO — 1 



P + TO 
TO 



The latter equality can be easily deduced using the well-known relation 



j + m 

TO 



j + TO - 1\ ^ M + rn - 1 

TO / \ TO — 1 



for any j = 1, . . . ,p. Therefore, we have [I — f{rSi, . . . , rSn)] (™+^) = X^|^|>i b^~^^\^^^S^, where 

p=l »)l-1p=7 ^ ' 

|r,i|>l,...,|,,p|>l 

This completes the induction and the proof. 



□ 
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Lemma 1.2. Let f he a positive regular free holomorphic function on [B(T-l)"]p, p> 0, with the repre- 
sentation f{Xi, . . . , Xn) := X]aeF+ '^aXa, Ua G C, and let g := 1 — {1 — fY^, m — 1,2,..., have the 
representation g{Xi, . . . , Xn) X]'yeF+ c'^^'X^, £ C. Then the following relations hold: 

(1.2) b^;'^^ ^""^^"^ \P\>1 and m^l,2,..., 
and 

(1.3) b^^^ = + ^^"'^7 ^ 2 and ae ¥+. 

CTeF+ ,|7|>i 

Proof. Since 

{/-[/- /(r^i, . . .,rSn)r} [I ~ firSi, . . . ,r^„)]-'" = [/ - /(r^i, . . . ,r5„)]-" - I 
and using Lemma ll.li we have 

oo \ / oo \ oo 

^fe=0|Q|=fe / \p=l |7|=p / q=l\(3\=q 

Hence, using the uniqueness of the Fourier representation for the elements in F^, we obtain relation 
(II. 2p . To prove (II. 3p . assume that m > 2 and notice that 

[/ - /(r5i, . . . ,r^„)]-'" - /(r^i, . . . , r^„)[/ - /(r^i, . . . ,r^„)]-'" /(r^i, . . . ,r5„)]-™+i - /. 

Consequently, we have 

oo I oo \ I oo \ oo 

Y E = E E ^^"^^'"'^7 EE ^t'"^^''^'^.. +E E ^'^-'V'"'^- 

fc=0|Q|=fe yg=l |7|=g J \p=0\a-\=p J fc=0 |Q|=fe 

Using again the uniqueness of the Fourier representation for the elements in F^, we deduce relation 
(|1.3p . This completes the proof. □ 



According to Lemma fl.ll we have 6^™'' > for any a G F+ and m = 1,2, . . .. We define now the 
diagonal operators Di : F^(i/„) F^(i/„), z = 1, . . . , n, by setting 



Due to Lemma [1.21 we have 



\ Ogia 

creF+ ,|-,|>1 

Since Og. > for each i — 1, . . . , n, we deduce that 



|A|| = sup 



bt^ ^ 1 



Now we define the weighted left creation operators Wi : F'^{Hn) F^(i7„), i = 1, . . . ,n, associated with 
the positive regular free holomorphic / by setting Wi :— SiDi, where 5*1, .. .^Sn are the left creation 
operators on the full Fock space i^^(iJ„). Therefore, we have 



(1.4) W^ea = ^ eg,a, a € F+, 

'br 



irn) 
'gia 



where the coefficients 6a"\ a G F+, are given by relation (|l.ip . 
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Throughout this paper, we denote by id the identity map acting on the algebra of all bounded linear 
operators an a Hilbert space. 

Theorem 1.3. Let f be a positive regular free holomorphic function on [i3(7i)"]p, p > 0, andm = 1,2, . . .. 
The weighted left creation operators Wi, . . . , Wn associated with f and m, and defined by relation (|1.4p 
have the following properties: 

(i) ^ apWfjWp < I , where the convergence is in the strong operator topology; 

I/3|>1 

(ii) {id — ^ f^wY^ {!) — Pc, where Pc is the orthogonal projection of F^{Hn) on C, and the map 
^f^w ■■ B{F^{Hn)) B{F^{Hn)) is defined by 

\a\>\ 

where the convergence is in the weak operator topology; 

(iii) lim <i>^ (/) = in the strong operator topology; 

p— >oo 

(iv) J2 b'-f^^Wp [{id - = /, where the coefficients bg are defined by (jl.ip . and the 
the convergence is in the strong operator topology. 



Proof. Using relation (|l.ip . a simple calculation reveals that 

==ej if a = /37 



(1.5) WpCj = -^=ep~^ and WSca 



bp^ \ otherwise 



for any a,/? G F+. Due to (|1.5p . we deduce that 



(^Ca if a = /37 



(1.6) W,3W*pe^ = \b. 

otherwise. 

Since the case m = 1 was considered in [57], we assume that m > 2. Notice that 



\ 1<I/5|<JV / ba 



where Kpf a — if a = go, and 

/37=a,l<|/3|<Ar 

Due to relation (|1.3p . if 1 < \a\ < N, we have 

KN.a^bi^-^^ <bi"'l 

On the other hand, since ap > 0, fe^"-* > for any q;,7 G F+, we have ifjv.a < ba^^ if |q;| > 1. Hence, 
we deduce that < Kj^ ^ < fea"\ whenever \a\ > N. On the other hand, notice that if 1 < A^i < 

f r 

N2 < \a\, then Kn^ a < -f'^Wi a- Consequently, \I~ J2 apWpWp > is a decreasing sequence 

{ i<m<N J 

of positive diagonal operators which converges in the strong operator topology. Hence, we deduce that 
^ apWpWp < I, where the convergence is in the strong operator topology. 

I/3|>1 

We prove now part (ii). By p.6p . the subspaces Ccq, a e F+, are invariant under WpW^, /3 £ F+, 
and, therefore, they are also invariant under {id — $/^iy)'"(/). Consequently, it is enough to show that 
(id- $/,vv)"(/)l = 1 and 

((id-$/,i^)"(/)ea,e„) = 
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for any a G F+ with \a\ > 1. The first equality is obvious due to (|1.6p . Using Lemma [1.21 deduce 
that 



\ I/3|>1 / 

°" V /37=a,l/3|>l / 



if a e F+ with |a| > 1. Therefore, (id - (/) = A:- 

To prove part (iii), notice that relation (|1.6p implies <i>y^y(/)eQ = if p > This shows that 

lim $f Ty(/)ea = for any a e F+. By part (i), we have — 1 ^o^' P G Now item (iii) 

follows. 

It remains to prove (iv). To this end, notice that 
(1.7) PcW^eo, 



^0 otherwise, 

and, therefore X]/36F+ ^pW/sPcW^Ca = e^. Using part (ii), we complete the proof. □ 

We can also define the weighted right creation operators Ai : F^{Hn) F'^{Hn) by setting A.^ := RiGi, 
i = 1, . . . , n, where . . . , i?„ are the right creation operators on the full Fock space F^(if„) and each 
diagonal operator Gi, i = 1, . . . , n, is defined by 



■6q,, Ck. ^ IF^ , 



where the coefficients fea"'', a G F+, are given by relation (jl.ip . In this case, we have 



(1-8) A^e^ = ^T^^iP ^^^^ = S " 

'^^^ [O otherwise 



for any a,/3 £ F+, where /? denotes the reverse oi (3 — gi^ ■ ■ ■ gif., i.e., P — gi^ ■ • ■ gii- Using Lemma [Ol 
and (jl.Sp . we deduce that 



y i<i/3i<Af / "a 



■KN,aea, 



where -ftT^v „ — feQ™-* if a = and 



7/3=Q,<|^|<Af 

As in the case of weighted left creation operators, one can show that 

(1.9) Yl H^P^P ^ ^ 0^ ~ */,a) ™ (^) = ^c, 

I/3|>1 

where /(Xi,...,X„) := X]|a|>i^a^a' denotes the reverse of a, and $j^(Ar) := X]|q|>i '^aA^A'A* , 
X G B{F'^{Hn)), with the convergence is in the weak operator topology. Since 



if a = /3 
otherwise. 
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we deduce that 



(m) 



A, 



{^d-■^>JJ"^{I) 



A 



P 



where the convergence is in the strong operator topology. Therefore, we obtain a result similar to Theorem 
ll.3l for the n-tuple (Ai, . . . , A„). 

A linear map Lp : B{'H) B{'H) is called power bounded if there exists a constant M > such that 
\\ip''\\ < M for any fc e N := {1,2, . . .}. 

Lemma 1.4. Let ip : B{Ti.) — > B{Ti.) be a power bounded, positive linear map and let D G B(Ti.) be a 
positive operator. If m €z N, then 

(id- ip)"^{D)>0 if and only if {id - Lpf {D) > Q , fc = l,2,...,m. 
Proof. One implication is obvious. Assume that m > 2 and {id — Lp)™{D) > 0. Due to the identity 

k 



^p{D), fc e N, 



{^d^^)''{D) = J2{-lrr 

and the fact that (p is a positive linear map, we deduce that Xj := (^ip^{id— LpY"'^^{D)h,h}j is a real 
number for any h Cz Ti. and j = 0, 1, . . .. Note that, we have 

Xj - Xj+i = {<p^{id - fT{D)h, h) > 0. 

Therefore, {xj}°°^Q is a decreasing sequence of real numbers. 

On the other hand, using the fact that i^a is a power bounded linear map, there exists a constant M > 
such that llv^'^li < M for any fc € N. Therefore, we have 

= \{{id^ip)"'-^{D)h,h) - (ifiP+^id- ^)"'-^D)h,h)\ 

< \{{id~(pP+^){id-^y"'-^{D)h,h)\ 

< {1 + M)\\{td - ^Y'^-^DMhW^ < oo 

for any p = 0,1,.... Hence, we deduce that Xj > for any j — 0,1,.... In particular, we have 
xo := {{id - ip)"'-\D)h, h) > for any h e H. Therefore, {id - (p)'"-^{D) > 0. Iterating this process, 
one can show that {id — (pY{D) > for any fc = 1, 2, . . . , to. The proof is complete. □ 

Corollary 1.5. If ip is a positive linear map on B{T-L) such that (p{I) < / and {id— ip)"^{I) > for some 
m £ N, then 

0< {id~(p)'^'{I) < {id-ip>)"'-\l) <■■■< {id-ip){I) <I. 

Given m,n € {1, 2, . . .} and a positive regular free holomorphic function / := X]|q|>i '^qA'q, we define 
the noncommutative domain 

T>f{n):=-{X:^{Xi,...,Xn)eB{nr: (id - > for 1 < fc < to} , 

where : B{n) ^ B{n) is defined by ^f,x{Y) := E|a|>i a«^"^^a> Y e B{n), and the con- 



vergence is in the week operator topology. For the next result, we need to denote by {w[^\ . . . , Wn ') 



the weighted left creation operators {Wi , 
now clear. 



, Wn) associated with T^Y' . The notation {K[^\ A^^'^) is 



Theorem 1.6. Let {Wi'^\ . . . ,Wn'^'') (resp. {h.^i \ . . . , Kn'')) be the weighted left (resp. right) creation 
operators associated with the noncommutative domain D™ . Then the following statements hold: 

(i) {w[f\...MJ^)&T>J{F\H„)); 



(ii) {K[f\...,K[{^)€T>J{F^Hn)); 
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(iii) U* h!l^^U — W^^\ i = 1, . . . ,n, where U G B{F'^{Hn)) is the unitary operator defined by equation 
Uea ■■= ea, a € F+; 

(iv) Wy^Af = A^^wj:^^ forij = l,...,n. 

Proof. Items (i) and (ii) follow from Theorem ll.3[ Lemma ri.4[ and relation (|1.9p . Using relation (II. 5|) 
when / is replaced by /, we obtain 

On the other hand, due to relation (11.81). we deduce that 



U*A9'^Ue^ = U* -U^e. ' - 



Therefore, U*A\^^U ^ wl^\ i ^ 1, . . . , n. 
Now, using relation p.4p . p.Sp . we obtain 



A,wyh^^^^AY\e,^^) 



/,{m) Ara) 

for any a € F+ and i, j — 1, . . . ,rt. Similar calculations reveal that A^Pw^^\a = W^^'' A^P which 
proves (iv). The proof is complete. □ 



2. NONCOMMUTATIVE BEREZIN TRANSFORMS 

In this section, we introduce a noncommutative Berezin transform associated with each n-tuple of 
operators T := (Ti, . . . ,T„) in the noncommutative domain D™(7i), and present some of its basic prop- 
erties. 

Let / be a positive regular free holomorphic function on a noncommutative ball [i3(7i)"]p, p > 0, 
with representation /(Xi,...,X„) := X^|q,|>i Oa-'^a- Let T := (Ti,...,T„) g B{l-L)'^ be an n-tuple of 
operators such that the series ^ aaTaT* is WOT convergent, and consider the bounded linear map 

q|>1 

$/,T : B{n) B{n), given by 

(2.1) ^fMX) J2 a^T^XT*^ X e B{JC), 

\a\>l 

where the convergence is in the week operator topology. The joint spectral radius of T e D™(H) is 
defined by 

r/(Ti,...,T„) := lim \\<^)^^{I)\\^'^K 

We recall that the model n-tuple (Ai, . . . , A„) associated with D™ was defined in Section 1. According 
to the results of that section, the series ^ aaAaA* is SOT convergent and, therefore, so is the series 

la|>l 

J2 a&Aa (8) T?. Notice also that 
l«l>i 



O-aAa (< 


5T? 


< 


J2 a&A^Al 






q|>1 






q|>1 




|a|>l 
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and 
(2.2) 

where f{Xi ,...,X„ 



, |a|>l 



< 



^)AI) '^'||<i>),^(/)||'/', ken, 



^ a^Xa and ^ f {^{Y) := ^ a^AayA*. Hence, we deduce that 
q|>i ' |q|>i 



ri ^a^A^^T? < r;(Ai, . . . , A„)r/(Ti, . . . , T„), 
|a|>i / 

where r{A) denotes the usual spectral radius of an operator A. Due to the results of Section 1, we have 
^'/a(^) < Ij which imphes ^^^(Ai, . . . , A„) < 1. Consequently, we have 



rl ^05A„(8T?| <r/(Ti,...,r„). 

a|>l 



Consequently, if rf(Ti, . . . , r„) < 1, then the operator 



(2.3) 



q|>1 / fc=0 \|a|>l 



is well-defined, where the convergence is in the operator norm topology. 

For each T := (Ti, . . . ,T„) g D™(7i) with r/(Ti, . . . , T„) < 1, we introduce the noncommutative 
Berezin transform at T as the map By : B{F^{Hn)) B{H) defined by 



(2.4) 

/-^a^A^^Tfi (5(g) Ai,,„_^) /- ^ a5A„(^r? {l(g>x),l^y\ 

I"I>1 / \ |a|>l / / 

where Ay ^j := [{id — $y^r)'"(/)]^/^ and x,y eTi. We remark that in the particular case when: n — 1, 
m = 1, f{X) = X, H = C, and T = A e D, we recover the Berezin transform of a bounded linear 
operator on the Hardy space i?^(D), i.e., 

Bx[g] = {l-\X\'){gk^,kx), geB{H'' 



where kx{z) := (1 — Xz) ^ and z, A G D. 

The noncommutative Berezin transform will play an important role in this paper. We will present 
some of its basic properties in this section. First, we need a few preliminary results about positive linear 
maps on B{H). 

Lemma 2.1. Let (p : B{H) B{H) be a linear map and k,q E N. Then 



(2.5) 



p=Q 



3=0 



Proof. Since X)p=o V^iid ^ ^) — id — (p"^^^, equation (|2.5p holds for k — 1. We proceed now by induction 
over k. Assume that ()2.5p holds for k — m. Since ip{id — ip) — (id — ip)ip and 



p + m\ I p + m — 1\ I p + m — 1 
ml \ m I \m— 1 
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we have 

\m+l 



p=0 ^ ^ p=0 



1 



^ V f 

p + 77i\ I p + m — 1 



rn 



m 



Using the induction hypothesis, we complete the proof. □ 

Lemma 2.2. Let ip : B{TL) — s- B{T-l) be a power bounded, positive linear map and let D £ B{TL) be a 
positive operator such that {id — ip)"^{D) > for some m G N. Then the following limit exists for any 
h G H and k = 0,1, . . . ,m — 1, and 

hm lipP{id ~ LpY(p)h, /i) = < 

lO i/ fc= l,2,...,m-l. 

Proof. For each h £ H, p ~ 0,1, . . and r — 0,1, . . . ,m, denote x^^^ :— {(pP{id — ifY{D)h, h) and notice 
that, due to Lemma 11.41 x^^ > 0. When fc = 0, 1, . . . , rn — 1, using the same lemma, we obtain 

Therefore, {x^^}^q is a decreasing sequence of positive numbers. In particular, when fc = 0, we deduce 
that lim {(pP{D)h,h) exists. 

p — *oo 

It remains to prove that 

(2.6) lim p'' (ipP {id- ip)''{D)h,h) ^0 

p—*oo 

for any A: = 1, . . . , m — 1. As an intermediate step, we will also prove that 

oo 

(2.7) Y.P'^-'x^;^ < oo 

for r = 1, . . . , m. Notice that this relation holds true if r = 1, due to the fact that the series 

oo 

{<fP{id- (p){D)h,h) ^ {Dh,h) - lim {(pP{D)h,h) 

p=i 

is convergent. We proceed now by induction over r. Assume that 1 < < to — 1 and that relation (|2.7p 
holds for r = N, i.e, -P^~^4^'' < We shall prove first that relation (|2.6p holds for k ^ N. Due 

to the Cauchy criterion, we have 

y, g^-^xf) + {q + if-'x^ + ■ ■ ■ + {2q - l^-'xi'^l, 0, as g - oo. 

Since {xq^^}'^i is a decreasing sequence of positive numbers, we have q^ x^2^}_i < yq. Now, it is clear 
that {2q — 1)^X2^^ ^ as q ^ oo. On the other hand, since {2q)^ X2^'' < {2q)^ X2^\, we have 
{2q)'^X2^^ — > as q ^ oo. Consequently, relation (|2.6p holds for k — N. 
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Now, we prove that if (12. 6p holds for k = N (where 1 < < m — 1) and relation ()2.7|) holds for r = N, 
then ([2T7|) holds also for r + 1. Notice that 

r— 1 p—1 



p=i 



p=i 

Using our assumptions, we conclude that (|2.7p holds for r = + 1. This completes the proof. 



□ 



Let / be a positive regular free holomorphic function on a noncommutative ball [i3(7i)"]p, p > 0. In 
what follows we introduce the noncommutative Berezin kernel associated with any n-tuple of operators 
T := (Ti, . . . , T„) in the noncommutative domain D™(7i), and present some of its basic properties. 

Lemma 2.3. Let T := (ri,...,T„) e T)f{n) and let if^^^ : Ti. F^{Hn) ® l\f,m,T{U) he the map 
defined by 



(2.8) 



where Af^m,T '■= [{I — 'J'/,t)™(^)]^^^; the positive map $/,t is defined by (|2.ip and the coefficients b. 
are given by (jl.ip . Then 



(m) 



(i) Kjy Kj'';^ =In- Qf,T, where Qf,T ■= SOT-limfc^oo */,t(^) 

(ii) K^PjIt* — {W* ® lujK^fj^ , i — where (Wi,...,W"„) is the n-tuple of weighted left 
creation operators associated with the noncommutative domain TiJ 

Proof. Since $/^t(^) < I and <i>/,T(-) is a positive hnear map, it is easy to see that {<&^7-(^)}^i is a 
decreasing sequence of positive operators and, consi 

relation (|l.ip and using Lemma [2.11 we deduce that 



decreasing sequence of positive operators and, consequently, Qf,T '■— SOT- lim $^^(/) exists. Due to 



Y^b^;'^T,Ai^^^T;Kh) = {Ai^^^h,h) + Y: E (bi"'%^lm,TT;h,h 



m=l |/3|=m 



-{^UTKh)+Y: E ' 

m=l |/3|=jn 



E j + m-l 
[ m- 1 



E 



•^71 "7j 



71 ■■■yj=l^ 
7iI>i,...,|t,-|>i 



{^lm,TKh)+J2 



p=l 



p + m — 1 
TO — 1 



ai|>l,...,|ap|>l 



m— 1 



i=0 
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for any h <ETi. Now, applying Lemma 12721 to $/.t, we deduce that 

(2.9) J2 ^t^Tp^lm,TT*p ^In- Qf,T. 

Due to the above calculations, we have 

for any h G H. Therefore, ifj™-* is a contraction and 

(2.10) KffKf^^In-Qf,T. 
On the other hand, one can show that 

(2.11) K^^^T* = {W* ® In)K^f^T ^ 

where (Wi, . . . , Wn) is the n-tuple of weighted left creation operators associated with the noncommutative 
domain D™. Indeed, notice that, due to relation (|1.5p . we have 



if a = 



otherwise. 



Hence, we deduce that 

{W* ®In)K'^f$h= \fit^W:e„®Af,m,TT*h 



(m) 



"an 



for any h G Ti, and i = 1, . . . , n, which proves our assertion. □ 

We can define now the extended noncommutative Berezin transform By at any T G Ti^iT^) by setting 
(2.12) BtL?] := 4?*(.9 ® In)K^f"J, 9 e B{F^{H,,)), 

where the noncommutative Berezin kernel xj™'' : Ti. — > F^{Hn) (g) 7i is defined by 



(2.13) ^ V^" e„® A/,,„,tT>, h&H 



the defect operator A^m / := [{id—^f t)'"(/)]^^^, and the coefficients ba , a G F+, are given by relation 

Proposition 2.4. The nocommutative Berezin transforms Bt and B^ coincide for any n-tuple of oper- 
ators T :— (Ti, . . . , Tn) G D™(7i) wit/i jomi spectral radius rf{Ti, . . . , r„) < 1. 
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Proof. Due to Lemma Tl-ll and relation (|2.3p . the operator f / — X]|q|>i '^q^q ® ) ^las the Fourier 
representation is X)/3eF+(^/3 ^jf^J^)- Consequently, using relations (jl.Sp and (|2.13p . we obtain 

I/3|>1 

= (/f2(h„) «) At,™,/) M - H ® ^5 (1 «) /i) 
\ l"l>i / 

for any h £ H. Taking into account relations (|2.4p and (|2.12p . we complete the proof. □ 

Let us recall some definitions concerning completely bounded maps on operator spaces. We identify 
Mk{B{Ti)), the set of fc x fc matrices with entries in B{Ti), with B{JiS^^)^ where TiS^^ is the direct sum 
of fc copies of TL. If X is an operator space, i.e., a closed subspace of B{H), we consider Alk{X) as a 
subspace of Mk{B{TC)) with the induced norm. Let X,y be operator spaces and it : A" ^ 3^ be a linear 
map. Define the map ut ■ Mk{X) Mk{y) by 

Uk{[xij]k) [u{xij)]k- 

We say that u is completely bounded if |ju||c6 := supj.>2 ||ufe|| < oo. When \\u\\cb < 1 (resp. Uk is an 
isometry for any fc > 1) then u is completely contractive (resp. isometric). We call u completely positive 
if Uk is positive for all fc > 1. For more information on completely bounded maps and the classical von 
Neumann inequality [S3j , we refer to and [22] ■ 

Let f{Xi,...,Xn) := J2\a\>i^'^-^<^ ^ positive regular free holoniorphic function on [i?(7i)"]p, 
p > 0, and let T := (Ti, . . . ,Tn) be an n-tuple of operators in the noncommutative domain Dy-iTi.). 
Recall that the positive linear map $/_t : B{Tl) B{H) is defined by $/,t(-^) = CLaTaXT*, 

\a\>l 

where the convergence is in the weak operator topology. In the proof of Lemma 12. 3[ we saw that 
Qf^T '■= SOT-limfc^oo t{^) exists. We call an n-tuple T pure (or of class C.q) if Qf,T = 0. We remark 
that if |1$/,t(/)|| < 1, then T is of class C.q. This is due to the fact that \\<^)j.{I)\\ < \\<^ f^T{I)\\'' ■ Note 
also that, due to Theorem 11.61 the model n-tuple W :— {Wi, . . . , Wn) is in the noncommutative domain 
T>f{F'^{Hn)) and, due to Theorem^ it is of class Co- 

We introduce the domain algebra ^„(D™) associated with the noncommutative domain D™ to be 
the norm closure of all polynomials in the weighted left creation operators Wi , . . . , Wn and the identity. 
Using the weighted right creation operators associated with D™ , one can define the corresponding domain 
algebra 7^„(D7). 

Theorem 2.5. Let T := (ri,...,T„) be a pure n-tuple of operators in the noncommutative domain 
D™(?i). Then the restriction of the noncommutative Berezin transform By to spa.n{WaW^; a,l3 G F+} 
is a unital completely contractive linear map such that 

BtWo^w*^] = r,r|, a, /3 e F+. 

In particular, the restriction of By to the domain algebra An(D™) is a completely contractive homo- 
morphism. 

Proof. According to Lemma [2731 xj™^ is an isometry if and only if T :— (Ti, . . . , r„) e Ti^iji) is a pure 
n-tuple. Part (ii), of the same lemma, and relation (|2.12p imply 

'BtW^w*^] = K^^f[w^w; ® Ih)K^/"t^ = T,r|, a,pe F+. 

Now, one can easily deduce that Bt is a unital completely contractive linear map. This completes the 
proof. □ 
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We say that an n-tuple of operators X (Xi, . . . , Xn) € T)y{'H) has the radial property with respect 
to BJ{n) if there exists 6 G (0, 1) such that rX := {rXi, rX„) G T)f{H) for any r G {S, 1). 

Proposition 2.6. Any noncommutative domain D™(?i) contains a ball 7 > 0, and, therefore, 

n-tuples of operators with the radial property. 

Proof. Since / — J2\a\>i o^aXa is a free holomorphic function on a certain baU [i3(7Y)"]5, S > 0, we have 



hmsupfc^^ (E|a|=fcl 



l/2fc 



< 00. Consequently, there exists a constant AI > such that IaqI < M'^ 

for any a G F+ with \a\ = k. Let r G (0, 1) be such that Mr < 1 and let (Xi, . . . , X„) G [B{H)%. Then 
we have 

\a\ = k 

which converges to zero as r ^ 0. Since Z*^, A: = 1, . . . , to, is a free holomorphic function with /'^(O) = 0, a 
similar result holds. Therefore, there exists a ball [B{H)^]j, 7 > 0, such that ||$/^x(-^)||, . • . , ll^/™,x(^)|| 
are as small as needed for any X G [i?(7i)"]^. On the other hand, we have ^'i ^{I) — ^fk x{I) and 



k=l 



{^d - $/,x)™(/) = / - ( T ) 



fc=i 

Now, it is clear that (/ — ^f^x)"''{I) > for any X in an appropriate ball [i?(7i)"]^, 7 > 0. The proof is 
complete. □ 

We remark that one can easily prove that if p is a positive regular noncommutative polynomial and 
T := (Ti, . . . ,T„) G Bin)"^ is such that (id - ^p.r)'' > cl for some c > and any 1 < A: < m, then 
(Ti, . . . , r„) G W^iH) has the radial property. 

The next result extends Theorem 3.7 and Theorem 3.8 from [39 to our more general setting. We only 
sketch the proof. 

Theorem 2.7. Let T :— (Ti,...,T„) be an n-tuple of operators with the radial property in the non- 
commutative domain Dj*(7i) and let S :~ span{WaW^; a,/3 G Then there is a unital completely 
contractive linear map 5'/,m.T ■ S B{Ti.) such that 

(2.14) */,m,T(.9) = limB.Tb], 9 S S, 

where the limit exists in the norm topology of B{J-L), and 

*/,™,t(VK„1¥|) = r,r*, G F+. 

In particular, the restriction of'^f^rn,T to the domain algebra ^„(D™) is a completely contractive homo- 
morphism. If, in addition, T is a pure n-tuple, then 

limB,.T[5] = Bt[5], 9^S. 



Proof. Since < r < 1, (rTi, . . . , rT„) G ^^{H) is a pure n-tuple. Indeed, it is enough to see that 
< r''^'jrp{I) < r'^I for A: G N. Therefore, due to relation (j2.10p . i^/.rT is an isometry. Now, 
Lemma 12.31 implies 



(2.15) [w^^w^l ^ /„)K};^ 

Hence, we deduce that 



(2.16) 



J2 



< 



J2 cc.,pWo,w; 

a,/3GA 



for any finite set A C F+ and c^jj G C. For each g & S, let {qk{Wi, W*)}'^^ be a sequence of polynomials 
of the form J2a peA (^a.pWaWp which converges to g, as k ^ 00. Define 4'/,m,T(5) := linifc^oo QkiTi, T*). 
The von Neumann type inequality (j2.16|) shows that 5'/,m.T(g) is well-defined and ||^'/,m.T(g)|| < \\g\\- 
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Using the matrix version on ()2.15|) . we deduce that ^'/,m,T is a unital completely contractive linear map. 
To prove the second part of the theorem, one has to use the relation 

BrT [g] = (5 ® In W^f^T ' 5 e 5, 
and standard approximation arguments (see |39p. □ 

We say that a noncommutative domain D™ has the radial property if each n-tuple X G D™(7Y) has 
the radial property, where 7i is a separable infinite dimensional Hilbert space. Notice that, if m = 1, then 
the noncommutative domain Dj- has always the radial property. When m > 1, we have the following 
class of noncommutative domains with the radial property. 

Example 2.8. Ifp{Xi, . . . ,Xn) '■— aiXi + - ■ • + a„X„, > 0, then the noncommutative domain D™(7i), 
m = 1,2..., has the radial property. Indeed, let X :— {Xi, . . . , X„) €E D™(7i), < r < 1, and note that 

[id - $p,.x)'=(/) = - %,x) + (1 - r)%,xf (/) 
j=o ^•'^ 

for any k = 1, . . . ,m. By Corollary \1.5[ we have {id — ^p^xYil) ^ for j — 1, . . . ,to. Now, using 
the fact that ^ positive linear map, we deduce that [id — ^p.rx)'^{I) > for j ~ 1, . . . , m and 

r € (0, 1], which proves our assertion. 

Assume that p is a regular positive noncommutative polynomial and D™ is a noncommutative domain 
with the radial property. Under these conditions, one can prove the following. 

Corollary 2.9. An n-tuple of operators (Ti, . . . ,T„) G B{TL)^ is in the noncommutative domain D™(7i) 
if and only if there exists a completely positive linear map ^E* : C* {Wi, . . . ,Wn) — > B{Ti.) such that 
'^{WaWp) = TaTp, a, P ^ F+. In particular, the result holds if p = aiXi + • • • + a„X„ with Oi > 0. 

Proof. The direct implication is due to Theorem 12.71 and Arveson's extension theorem jBj. For the 
converse, use TheoremHH and notice that * [(/ - ^p^w)''{I)] ^ {I - 'i>f.p)''{I) for fc = 1, . . . , m. □ 



3. The Hardy algebra F^(D™) and a functional calculus 

In this section, we introduce the Hardy algebra F^(D™) (resp. (D™)) associated with the non- 
commutative domain D™ and present some basic properties. The main result is an i^,^(D™)- functional 
calculus for completely noncoisometric n-tuples of operators in the noncommutative domain D™. 

Let / be a positive regular free holomorphic function on a noncommutative ball [i?(7i)"]p, p > 0, with 
representation f{Xi, . . . ,X„) := X]|a|>i o-a^a- As preliminaries, we need some inequalities concerning 

the coefficients ^L"'^ associated with / (see Section 1). According to Lemma [TTTJ if |q:| > 1 and |/3| > 1, 
then we have 



l"l l/3| 

e^^^^EE 
j=i fc=i 



J + TO — 1 
TO — 1 



fc + TO — 1 
TO — 1 



E 

7ll>l,-^-,hjl>l l^ll>l 



E 



-^71 



■.l-fcl>i 



and 



p + m — 1 
TO — 1 
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Note that, for any j = 1, . . . , |a| and fc = 1, . . . 

f j + m — l\ f k + m — 1 



where Mi 



m — 1 
TO — 1 



m-1 /^^Vl,™ 



+ fc + TO — 1 
TO — 1 



l/3|,m 



(3.1) 

Similarly, we obtain 



7Tl — 1 



A closer look at the above-mentioned equalities reveals that 



Let (p{Wi, . . . , Ty„) = J2 CfjWp be a formal sum with the property that 'YliBe¥+ l'^/3p~(^ < where 



the coefficients bp, /3 £ F+, are given by relation (|l.ip . Using relations (|1.5p and (|3.ip . one can see that 
Cf5Wf}{p) € F^{Hn) for any p E V, where T-" is the set of all polynomial in F'^(Hn). Indeed, for each 

7 e F+, we have ^ C/3W/3(e^) = ^ ^'^d, due to inequality (13. ip . we deduce that 



/3GF+ 



/3eF 



E 

/3fEF 



6*"^ ^ 1 

|2"7 ^ ji r I |2 



If 



sup 

pev,\\p\\<i 



E 

/9eF+ 



< CXD, 



then there is a unique bounded operator acting on i^^(iJ„), which we denote by ip{Wi, . . . , Wn), such 
that 

any p € F. 

/3eF+ 

The set of all operators ip{Wi, . . . , W„) G i?(F^(iJ„)) satisfying the above-mentioned properties is denoted 
by J^^(D™). When / = -I- • • • and to = 1, F^(D™) coincides with the noncommutative analytic 
Toeplitz algebra i^^, which was introduced in [34] in connection with a noncommutative multivariable 
von Neumann inequality. As in this particular case, one can prove that i^^(D™) is a Banach algebra, 
which we call Hardy algebra associated with the noncommutative domain D™. 

In a similar manner, using the weighted right creation operators (Ai, . . . , A„) associated with D™, one 
can define the corresponding the Hardy algebra i?^(D™). More precisely, if ^(Ai, . . . , A„) — J2 '^p^P 



/36F+ 



is a formal sum with the property that X]/3eF+ I'^/sl where the coefficients ba , a € F^, are 

given by relation (II. ip . and such that 



sup 
p£V.M\<i 



E ^^P^P^P) 

/36F+ 



< OO, 



then there is a unique bounded operator on F^{Hn), which we denote by (?(Ai, . . . , A„), such that 

5(Ai, . . . , A„)p = ^ c^A/3(p) for any peV. 

The set of all operators (?(Ai, . . . , A„) e B(F^(i/„)) satisfying the above-mentioned properties is denoted 
by R^iT>f). 
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Proposition 3.1. Let f be a positive regular free holomorphic function on a noncommutative ball 
[-B(7i)"]p, p > 0, and let D™ be the associated noncommutative domain. Then the following statements 
hold: 



(i) i^,f^(D^)' = U*{F^{T>J))U = R^iTiJ), where ' stands for the commutant and U G B{F^{H,,)) 

is the unitary operator defined by Uca — Ca, o: € F+; 
ii) F^(Df)" = F^{T>f) and i?^(D™)" = i?^(D™). 



Proof Let (Wi-^\ . . . ,Wn-^''){vesp. {A[^\ . . . ,Ai/^)) be the weighted left (resp. right) creation op- 
erators associated with the noncommutative domain D™. Due to Theorem 11.61 part (iii), we have 

f/*(F~(Dp)C/ = R^CDf). On the other hand, since W^'a'^^^ = A'^^^'W^^ for any j = 1, . . . , n, it 

is clear that R^(DJ) C F^CDJ)'. To prove the reverse inclusion, let A e F^CDJ)'. Since A{1) e 

F'^{Hn), we have A{1) ~ J2i3e¥t '^p i\ , some coefficients {c/3}^gj.+ with X]/3gF+ l'^/3p^j(W < 



On the other hand, since AW.^^ = W.^^ A for i = 1, . . . , n, relations (|1.5p and (|1.8p imply 



for any a E F+. Therefore, A{q) = J2f3eF ^p^pit) polynomial q in in the full Fock space F^{Hn)- 

Since ^ is a bounded operator, ^(Ai, . . . , A„) :— X]/3gf„ ^p^0 ^ri°(D™) and A = g(Ai, . . . , A„). 

Therefore, R^CDf) = F^(D™)'. The item (ii) follows easily applying part (i). This completes the 
proof. □ 

An obvious consequence of Proposition 13.11 is that i^^(D™) is WOT-closed (resp. w*-closed) in 
BiF^iH^)). 

Let Qk, fc > 0, be the orthogonal projection of F^{Hn) on the the subspace span{eQ : |a| = k}. For 
each integer j, define the completely contractive projection $j : i?(F^(iJ„)) i?(F^(iJ„)) by 

$j(A) Y QkAQk+j. 

A;>max{0,— j} 

According to Lemma 1.1 from [T7], the Cesaro operators on B{F'^{Hn)) defined by 

liKfc ^ ^ 

are completely contractive and Sfc(A) converges to A in the strong operator topology. Now, let A e 
F^(D™) have the Fourier representation J2ae¥+ '^aWa- Due to the definition of the weighted left creation 
operators (see (|1.4I) ). one can check that 

Qk+jAQj = Y k>0,j>0, 

\\a\ = k J 

and QjAQk+j = if fc > 1 and j > 0. Therefore, 



^kiA)= Y 

\a\<k-l 



converges to ^, as fc ^ oo, in the strong operator topology. Therefore, we have proved the following 
result. 

Proposition 3.2. The algebra Fj^(D™) is the sequential SOT-(resp. WOT-, w*-) closure of all polyno- 
mials in Wi , . . . , Wn , and the identity. 
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Now, we have all the ingredients to extend the corresponding results from |18j and [47], to our more 
general setting. More precisely, one can similarly prove that the following statements hold: 

(i) The Hardy algebra F^(D™) is inverse closed. 

(ii) The only normal elements in F^(D™) are the scalars. 

(iii) Every element A g i^^(D™) has its spectrum a{A) ^ {0} and it is injective. 

(iv) The algebra i^^(D™) contains no non-trivial idempotents and no non-zero quasinilpotent ele- 
ments. 

(v) The algebra i^^(D™) is semisimple. 

(vi) If A e F^{T)f), n > 2, then a{A) = CTe(A). 

We recall that an n-tuple (Ti, . . . ,Tn) G Ti^iT-L) has the radial property with respect to Ti^iT-L) if 
there exists a constant 5 G (0, 1) such that (rTi, . . . , rXn) £ D™(H) for any r S (5, 1). 

Lemma 3.3. Let (Ti, . . . , Tn)be an n-tuple of operators with the radial property in the noncommutative 
domain D™(7i). Then 

(3.2) g{rTi,...,rT„)K''/^^* ^K'-j^/{g{rWu...,rWn)®lH) for any r e (6,1) 

and g{Wi, . . . , = ^P^P F^^CDf), where g{rT,, . . . , rT„) j:Zo E\a\=k Cc.r\^^T^, with 

the convergence in the operator norm topology. 

Proof. According to relations (|1.6p and p.l[) . the operators {W)3}|/3[=fc have orthogonal ranges and 



(m) 



|/3|,m|| 



where , 
(3.3) 

Since g{Wi, 
< i < 1, 



1 -f m - 1 
m — 1 



Consequently, we deduce that 



\l3\=k 



< 



k + m — 1 
rn — 1 



for any fc = 0, 1, . . . . 
,Wn) e F^(Df), we have |c/3pF7 < ^^^^'^ ^^'^ 

using p.3p . we deduce that, for 



fc=0 



E ^p^^ 

\f3\=k 



fc=0 \|/3|=fc "z? / 



|/3|=fc 



1/2 



J, f k + m — I 
m — 1 



1/2 



2fe / fc + m - 1 
m — 1 



1/2 



< CXD, 



which proves that 

k 

(3.4) g{tWi,...,tWn) := lim V V il"lc„iy„ 

fc— ^oo ■'^ — ' ■'^ — ' 

p=0 |a|=p 

is in the noncommutative domain algebra y^„(D™), where the convergence is in the operator norm. 
Consequently, Theorem[5T7]iniplies that (7(rTi, rr„) := ^ ^ Car'"' Tq, is convergent in the operator 

fc=0 \a\=k 
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norm topology. On the other hand, due to Lemma [2.31 we have TiKj^ = ifj™ {Wi (8) In) for any 
i = 1, . . . ,n. Now, one can deduce (|3.2p . This completes the proof. □ 



In what follows we show that the restriction of the noncommutative Berezin transform to the Hardy 
algebra F,f^(Dy*) provides a functional calculus associated with each pure n-tuple of operators in the 
noncommutative domain D™(7i). 

Theorem 3.4. Let T (ri,...,T„) he a pure n-tuple of operators in the noncommutative domain 
D™(7i) and define the map 

^T.F^{Tif)^B{n) by ^T{9).= BT[g], 
where By is the noncommutative Berezin transform at T Cz D™(7i). Then 

(i) '^T is WOT- continuous (resp. SOT-continuous) on bounded sets; 

(ii) '^T is a unital completely contractive homomorphism and "^'riWa) ~ Ta for a € F^. 

//, in addition, the universal model (Wi, . . . , Wn) has the radial property with respect to D™(i^^(_ff„)), 
then 



*t(5) = SOT- lim.g(rTi,...,rr„) 

r—*l 

)f), where g{rTi,...,rT„) := E^oZ^|a|= 



for any g := J2 cpWp in F.^(Df), where g{rTi, . . . ,rTn) := J2'k=o^\a\=k^a'^^"^^a and the conver- 



gence is in the operator norm topology. 

Proof. According to Section 2 (see relation (|2.1ip '). we have 

(3.5) ^T{g) = K^ffig ® g e F^{T>Yl 

where the noncommutative Berezin kernel _fc|™^ is given by relation (j2.13p . Using standard facts in 
functional analysis, we deduce part (i). 

Now, we prove part (ii). Since T is a pure n-tuple of operators, by Lemma l2.3i K^p^ is an isometry. 
Consequently, relation (|3.5|) implies 

||[*T(g^,)]J| < \\[g^,]k\\ 

for any operator- valued matrix [gij]^. in Mfc(i^^(D™)), which proves that ^'t is a unital completely 
contractive linear map. Due to Theorem 12. 5[ ^'t is a homomorphism on polynomials in i^^(D™). By 
Proposition l3.2l the polynomials in M^i, . . . , Wn and the identity are sequentially WOT-dense in F^(D™). 
On the other hand, due to part (i), ^'t is WOT- continuous on bounded sets. Now, one can use the 
principle of uniform boundedness to deduce that is also a homomorphism on i^^(D™). 

Now, we prove the last part of this theorem. Assume that the model n-tuple (VFi, . . . , Wn) has the 
radial property with respect to D™(i^^(iJ„)). First, we show that 

(3.6) g{Wi,...,Wn)^SOT-\img{tWi,...,tWn) 
for any giyVi, . . . , Wn) ■— cpW^ e F^iTif). According to Lemma [331 

k 

(3.7) g{tWi, tWn) := Hm V V ^l^'caW^a 

fc^oo ^ — ^ ^ — ^ 
k—0 I Q I —p 

is in the noncommutative domain algebra .4„(D™), where the convergence is in the operator norm 
topology. Fix now 7, cr, e G F+ and consider the polynomial p{Wi, . . . , W„) := CjsWp. Since 

/36F+,|/3|<|7| 

WpCj = for any /3 e F+ with |/3| > I7I, we have 

g{rWi, . . . , rW„)*e„ = p{rWi , . . . , rWn)*e^ 
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for any a G F+ with \a\ < \j\ and any r e [0, 1]. On the other hand, since rW :~ {rWi, . . . , rWn) G 
BfiF'^iHn)) for r e ((5, 1), Lemma O implies 

Kl%PirWu . . . , rW„r = [p{Wu . . . , W^„)* ® IfhhJK^% 
for any r e ((5, 1). Using all these facts, careful calculations reveal that 

= II rl'5iy6^(p(W^i,...,Ty„)*e^,e,)(l¥^*e^,A/,,ive,) 

/3GF+ 



for any r G (^,1) and 7,(t, e e F+. Hence, since g{rWi, . . . ,rWn) and g{Wi, . . . ,Wn) are bounded 
operators, we deduce that 

Since the n-tuple rW := {rWi , . . . , rWn) S D^'"''(F^(iJ„)) is pure, the Berezin kernel is an 

isometry and, therefore, the equality above implies 

(3.8) \\girWi,...,rWn)\\<\\9{Wi,...,Wn)\\ for any r e (7, 1). 

Hence, and due to the fact that g{Wi, . . . , Wn)ea = lim g{rWi, . . . , rWn)ea for any a e F+, an approxi- 
mation argument implies relation p.6p . 
According to Lemma |3.3[ we have 

(3.9) g(rTi, . . . , rT,,)K^J^/ = if}J*(.g(rM^i, . . . , rT4^„) ® /«) for any r e (,5, 1). 

On the other hand, since the map Y ^ Y ® It-c is SOT-continuous on bounded sets, relations (|3.6p and 
(p?8| imply that 

(3.10) SOT- lim[5(rWi, . . . , rWn) ® In] = . . . , W^„) /«. 

r— *■! 

Hence, using relation p.9p and that ifj-™-' is an isometry, we deduce that 

(3.11) SOT- lhng(rTi, . . .,rT„) = . . . ,W„) ® /wl-ftT^J = Brig]. 

This completes the proof. □ 

We need now the following technical result concerning the Berezin transform and the radial property. 

Lemma 3.5. If T := {Ti,...,Tn) G D™(7i) and the universal model {Wi,...,Wn) have the radial 
property, then there exists S G (0, 1) such that the noncommutative Berezin kernel satisfies the relation 

(3.12) K'^fXigiWu ...,Wn)®lH)^ girTi, . . . , rT„)K^f;f 
for any g{Wi, ...,Wn)e F^CDf) and r e (5, 1). 

//, in addition, T :— (Ti, . . . , r„) £ D™(7i) is a pure n-tuple of operators, then 

where 5,. ( Wi , . . . , W„) := g{rWi rWn). 
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Proof. First, notice that Lemma [2?3l implies 



(3.13) 



(m) 



for any polynomial p{Wi, . . . , Wn) and r G (5, 1). Since rT (rTi, . . . , rr„) S T>''P\n), relation jSJ] 
and Theorem 12 . 71 imply 

lim y tl"lrl"lcc,T„ ^ gt{rTi, . . . ,rTn) for any t £ [0, l),r e (5, 1), 

Q|<fc 

where the convergence is in the operator norm topology. Using relation (jS.lSp . when p{Wi, 

k 

^ ^ t^"^CaWa, and taking the limit as fc ^ oo, we get 

q=0 \a\=q 



■ ,Wn) :-- 



(3.14) K^/;J^*[gt{Wi, . . . ,Wr.) <E> Ih] = 9t{rTi, rTn)K'f;.'^ for r e {6, 1). 
On the other hand, let us prove that 

(3.15) lim gt{rTi, . . . ,r'T„) = g{rTi, . . .,rTn), 

where the convergence is in the operator norm topology. Notice that, if e > 0, there is mg e N such that 



fc + m — 1 
m — 1 



fc— mo 

12.71 and relation p.3p imply 



Now, we can deduce that 



< where M := \\giWi, Ty„)(l)||. Since (Ti, . . . ,T„) e D^™^(7^), Theorem 





< 




|/3|=fc 




|/3|=fc 



< 



fc + TO — 1 

m — 1 



l/9|=fc 



fe=mo \|/3|=fc '/ 



< 



fc— mo 



fc + TO — 1 
TO — 1 



1/2 



< 



E ^p^^Tp 

\f3\=k 



1/2 



Consequently, there exists < c? < 1 such that 



^ ^ il"lrl"lc„T„ -EE 

fc = |Q|=fc fc = 0|Q|=fc 



< 



mo-1 

k=l |/3|=fc 
mp- l 

<i + M r'=(<'=-l) 



fc=i 



fc + TO — 1 
TO — 1 



< e. 



for any t G (d, 1). Hence, we deduce p.lSp . Using relations p.lOp . (|3.15p . and taking the limit in (|3.14p . 
as t 1, we obtain (|3.12p . Now, assume that T is a pure n-tuple. Based on Proposition l2.4l and relations 
(|2T2)) . (|3?2)) . and ((3T2)) . we deduce that Brxig] = Brigr] for r g (^, 1). The proof is complete. □ 

Using Theorem 13.41 and Lemma [5751 we can deduce the following Fatou type result. 

Corollary 3.6. Let T := (Ti,...,r„) G D™(7i) be a pure n-tuple of operators and assume that 
{Wi, . . . , Wn) has the radial property. Then 

SOT- lim BrTig] - Brig] for any g e F;^{Bf). 



NONCOMMUTATIVE BEREZIN TRANSFORMS AND MODEL THEORY 



25 



Proof. Recall that <I>/,T(-'i^) := X]|a|>i '^a^a^^a; '^l^^i's the series is WOT-convergent. Since the sequence 
Si<|a|<fc '^a''^'"' W^aW^a is bounded and SOT-convergent to ^f^rwil), as fc — ^ oo, the proof of theorem 
2.51 implies 



and, consequently, 

Since {Wi, . . . ,Wn) has the radial property, so does (Ti,...,r„). Using now Theorem 13.41 and Lemma 



13.51 we can complete the proof. □ 

An n-tuple T :— (Ti, . . . ,T„) e D™(7i) is called completely non-coisometric (c.n.c) with respect to 
the noncommutative domain D™(7i) if there is no vector h G Ti, h ^ such that ^<i>j j,(I)h, = \\h\\^ 
for any k — 1,2, . . .. Due to relation (|2.10p . we 

\\K'-/^^h\\^ = \\h\\^ - WQ^^hW^, hen, 

where Q/,t := SOT-limfe_^oo ^jxi-^)- Notice that T is c.n.c. if and only if the noncommutative Berezin 
kernel K^"^ is one-to-one. 

Now, we can present an F,'J°(D™)-functional calculus for c.n.c. n-tuples of operators in the noncom- 
mutative domain D™(7i). 

Theorem 3.7. Let D™ be a noncommutative domain such that the universal model {Wi, . . . ,Wn) has 
the radial property. If T := (Ti, . . . ,Tn) € D™(7i) is a completely non-coisometric n-tuple of operators 
with the radial property, then 

$(3) := SOT- lim gr{T,, . . . ,T„), g = g{Wu ■ ■ ■ ,W.n) & F,r{-Df), 

exists in the strong operator topology and defines a map $ : _F','^(D™) ^ B{TL) with the following prop- 
erties: 

(i) $((?) = SOT- lim B^Tiff]; where B^^ is the noncommutative Berezin transform at rT G Ti'T'{TL); 



(ii) $ is WOT-continuous (resp. SOT- continuous) on bounded sets; 

(iii) $ is a unital completely contractive homomorphism. 

Proof Let 6 G (0, 1) be such that (rTi, . . . , rT„) e Bf{n) and {rWi, rWn) € T>f{F'^{H„)) for any 
r S {S,l). Due to p.Sp and taking the limit in relation (|3.2p . as r ^ 1 , we deduce that the map 
G : range given by Gy lim gr{Ti,. . . , Tn)y, y S range , is well-defined, hnear, and 

\\GK'-;^/^\\<\imsup\\gr{Wi,...,WnmK^ifv\\ ^ ll.9(W^i, ■ • ■ , Vli 

r— »1 

for any ip e F^{Hn) «> H. 

Now, assume that T = (Ti, . . . , T„) e I?/(7i) is c.n.c. Since the Berezin kernel is one-to-one, its 

range is dense in Ti.. Consequently, the map G has a unique extension to a bounded linear operator on 
Ti, denoted also by G, with ||G|| < ||5(W^i, . . . , W„)||. Let us show that 

(3.16) lim gr{Ti, T„)h = Gh for any heH. 

r— >1 

Let ^ sequence of vectors in the range of K"^ j,, which converges to y. According to Theorem 

12.71 and relations (|3.7p . (|3.8p . we have 



||ffr(Ti,...,r„)|| < \\gr{Wi,...,Wn)\\ < \\g{Wi, . . . ,Wn 
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for any r G {S, 1). Let {yfe}^i be a sequence of vectors in the range of if , which converges to y, and 
notice that 

\\Gh-gr{T,,...,Tr,)h\\ < \\Gh - GykW + \\Gyk - gr{Ti, . . . ,TM\ 

+ \\9r{Tl, ■ ■ ■,Tn)yk - 9r{Tl, ■ ■ . ,T„)/l|| 

< 2||g(VFi, ...,Wn)\\\\h~yu\\ + \\Gyu - 9r{Ti, TM\. 
Since lim gr{Ti^ . . . ^Tn)yk = Gyk^ relation (j3.16p follows. Due to Lemma |3.5[ we have 

r— >1 

(3.17) gAT,,...,T„) = K^^t! [g{W^, ■ ■ ■ .W,,) ® lH]K^f% 

which together with (|3.16p imply part (i) of the theorem. 

Now let us prove part (u). Due to relation (|3.17p . we have \\gr{Ti, . . . , r„)|| < ||.g(W^i, . . . , W„)|| and, 
therefore, ||$(.g)|| < ||g|| for g G i^^(D™). Taking r ^ 1 in relation (|3.2p of Lemma 13.31 and using part 
(i), we obtain 

(3.18) ci>(5)if(;^)* = if(™)*(5®/), 5eFr(D7). 

Let {gi} be a bounded net in F,^(D™) such that gt ^ g E i^^(D™) in the weak (resp. strong) operator 
topology. Then gi ® I converges to g / in the same topologies. By (|3.18p . we have <^{gi)K'^p^ = 

K^fT idi ® Since the range of K^j^V^ is dense in Ti and {$(9^)} is bounded, an approximation 
argument shows that ^{gi) ^{g) in the weak (resp. strong) operator topology. 

To prove (iii), note that (|3.17p and the fact that Kf^rT is an isometry for r E {6, 1) imply 

\\[9tj{rTu ■ ■ ■,rTn)]k\\ < \\[gij]k\\ 

for any operator-valued matrix [gij]k E Mfc(i^^(D™)) and r E {S,l). Hence, and due to the fact 
that ^{gij) = SOT- lim^^i (?ij(rTi, rT„), we deduce that is completely contractive map. On the 
other hand, due to Theorem 1 2. 7|, $ is a homomorphism on polynomials in Wi, . . . , Wn and the identity. 
Since these polynomials are sequentially WOT-dense in F^(D™) (see Proposition 13. 2p and <i> is WOT- 
continuous on bounded sets, we deduce part (iii). The proof is complete. □ 

Consider the particular case when the domain D™, m > 1, is determined by the noncommutative 
polynomial p = aiZi -I- • • • -|- a„Z„, Ui > 0. Due to Example 12.81 D™ has the radial property. Therefore, 
according to Theorem 13.71 there is an i^^(D™)-functional calculus for any c.n.c. n-tuple of operators in 
D™(7i). When m > 2, n = 1, andp = Z, we obtain a functional calculus for Agler's m-hypercontractions. 
On the other hand, if to = 1, n = 1, and p — Zi + ■ ■ ■ + Zn, we obtain the i^^-functional calculus for 
row contractions [3S]. Moreover, if to = 1, n = 1, and p ^ Z, we obtain the Nagy-Foias _ff°°-functional 
calculus for c.n.c contractions. We remark that the iJ°°-functional calculus works for a larger class of 
contractions (see [5^). 



4. Weighted shifts, symmetric weighted Fock spaces, and multipliers 

In this section, we find all the eigenvectors for Wi,...,W*, where {Wi,...,Wn) is the universal 
model associated with the noncommutative domain D™. As consequences, we identify the w*- continuous 
multiplicative linear functional on the Hardy algebra i^^(D™) and find the joint right spectrum of 
{Wi, . . . , Wn)- We introduce the symmetric weighted Fock space F^{'Dy-) and identify it with a repro- 
ducing kernel Hilbert space H^(D^^ o(^))- ^^^^ show that the algebra of all its multipliers is reflexive. 
This section plays an important role in connecting the results of the present paper to analytic function 
theory on Reinhardt domains in C", as well as, to model theory for commuting n-tuples of operators. 

Let / = J2\a\>i ^a^a be a positive regular free holomorphic function on [B{H)^], p > 0, and define 

D},o(C) := J A = (Ai,...,A„) e C" : ^ a^lA^I^ < 1 I c D7(C), 
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where \a ■= Xi^ ■ ■ ■ Xi^ if a = ' ' 'Sj™ G ^t, and Ag„=l. 

Theorem 4.1. Let {Wi, . . . , Wn) (resp. (Ai, . . . , A„) ) be the weighted left (resp. right) creation operators 
associated with the noncommutative domain D™. The eigenvectors for W* , . . . , W* (resp. A*, . . . , A*^ 
are precisely the vectors 



/- ^ a<iA„A„ (l)eF2(H„) /or A = (Ai,...,A„) eD}JC), 

|a|>l / 

where a denotes the reverse of a. They satisfy the equations 

W*zx^XtZx, A*z\^XiZx for i ^ 1, . . . ,n, 
and each vector z\ is cyclic for R'^{Ti™). 

// A := (Ai, . . . , A„) e D} JC) and ^{Wi, W„) := E/3eF+ c/jVF^ is m the Hardy algebra F,f{T>f), 
then X]/3eF+ 1 1-^/3 1 < °^ '^'^'^ "^"^P 

: ^^r(D/) ^ C, <I>a(¥'(W^i, . . . , W„)) := (^(A), 



is w* -continuous and multiplicative. Moreover, ip{Wi, . . . , Wn)*z\ — (p{X)z\ and 

ip{X) = {ipiWu...,Wn)l,Zx) = MWi,...,Wn)ux,Ux), 



where u\ := tt^i 

I II 



Proof. Since X]|q|>i o^AqA* is SOT-convergent and, for any A = (Ai, . . . , A„) G Di 



q|>1 



< 



|a|>l 



1/2 



j"i>i 



1/2 



the operator yl — X)|c(|>i '^Q^Q^aj is weU-defined. Due to the resuhs of Section 1 (see Lemma Fl.ip . 
we have 

(m)- 



/5 

where the coefficients 6;3, /3 € F+, are defined by relation (|l.fp . Hence, and using relation (|f .8p . we obtain 



(4.1) = / - E a^A^A^ (1) = E ^?'^;3AM1) = E ybr^^P'^P- 

V I"I>1 / /3GF+ /3GF+ 

The fact that za € F^(iJ„) is a cyclic vector for R^iVj) is obvious. 

Now, notice that if A = (Ai, . . . , A„) e .^(C), then A is of class Co with respect to Dj ^(C). Using 
relation (|2.9p in our particular case, we get 



Consequently, we have 
(4.2) 



1 - E OqI^^qI 

|q|>1 



\z\\\ 



1 ^ Yl,\a\>l (^a\Xa\ 
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Due to relation (11.51). we have 



lb. 



[ otherwise. 

A simple computation shows that W*z\ — XiZ\ ior i — 1, . . . ,n. Similarly, one can use relation (jl.Sp to 
prove that h*z\ = XiZ\ for i = 1, . . . , n. 

Conversely, let z — X]/3eF+ ^ F^{Hn) and assume that W* z = Xtz, z = 1, . . . , n, for some n-tuple 
(Ai, . . . , A„) e C". Using the definition of the weighted left creation operators Wi, . . . , W„, we deduce 
that 



Cc. = {z,ec.)^(z,\/b'ir^WM) 



{W:z,l) = Jbi"'^K{z,l) 



for any a G F+, whence z = gq J^fsewt y 13 '^P^P- Since z e F {Hn), we must have X]/3gf+ ^(3 IVP < 
oo. On the other hand, relation (jl.ip implies 

^j=0 \|a|>l / j /3gF+ 

for any fc €E N. Letting A: — > oo in the relation above, we must have X)|a|>i '^"I'^aP < 1' whence 
(Ai,...,A„) G Dy.j^(C). A similar result can be proved for the weighted right creation operators 
Ai, . . . , A„ if one uses relation (|1.8p . 

Now, let us prove the last part of the theorem. Since f{Wi, . . . , Wn) — X]/3gF+ ^P^P the Hardy 
algebra F^iT)^), we have X]/3eF+ 1^/3 < (see Section [S]). As shown above, if A = (Ai, . . . , A„) G 

q(C), then X]/3gf+ ^^™'|''^/3|^ < Applying Cauchy's inequahty, we have 



/3eF+ \/3eF+ /3 / \/3eF+ 



Note also that 



MM/i,...,M/„)1,za) = / E ^/5^^e^, E V^V'') 
= E c,3A/3 = (^(Ai, . . . , A„). 

Now, for each /3 e F+, we have 

l^{Wi,...,Wnrzx,^=ep\ = (zA,<^(VFi,...,W^„)W^(l)) 



6^" 



1 



A/3<p(A) = ( </?(A)zA, ; ep 



Hence, we deduce that 



(4.3) v{Wu...,Wn)*zx^^{X)zx. 
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One can easily see that 



The fact that the map $a is multipUcative and w*-continuous is now obvious. This completes the 
proof. □ 

As in [IS], in the particular case when m = 1 and / = Xi + • • • + X„, one can similarly prove (using 
Theorem 14. II) the following. 

Proposition 4.2. A map ip : i^^(D™) — s- C is a w* -continuous multiplicative linear functional if and 
only if there exists A € Dj- ^^(C) such that 

^iA)=^^iA):=(Aux,ux), A^F^{Vf), 

where u\ := ^P^- 

II^A II 

We recall that the joint right spectrum ar{Ti, . . . , T„) of an n-tuple (Ti, . . . , T„) of operators in BlTi.) 
is the set of all n-tuples (Ai, . . . , A„) of complex numbers such that the right ideal of B{Ti) generated 
by the operators Ai/ — Ti, . . . , A„/ — T„ does not contain the identity operator. We recall [35] that 

n 

(Ai, . . . , A„) i ar{Ti, Tn) if and only if there exists d>0 such that J2 (A»/ - T,){XiI ~ T*) > 51. 

1=1 



Theorem 14. II implies the following result. Since the proof is similar to the proof of Theorem 5.1 from 
[37] , we shall omit it. 

Proposition 4.3. // {Wi, . . . , Wn) are the weighted left creation operators associated with the noncom- 
mutative domain D™, then the right joint spectrum Ur {Wi,...,Wn) coincide with D}(C). 

Now, we define the symmetric weighted Fock space associated with the noncommutative domain D™. 
We need a few definitions. For each A = (Ai, . . . , A„) G C" and each n-tuple k :— {ki, . . . , kn) & Ng , 
where No := {0, 1, . . .}, let A"^ := A^ • • • X'^'\ For each k G No, we denote 

Ak := {a e ¥+ : Xo, = for aU A e C"}. 

For each k e Ng , define the vector 



- 4o E V^""^^" e ^'(^"), where := E 

7k aeAk ctGAk 

and the coefficients 6i™\ a e F+, are defined by relation (|l.ip . Note that the set {w^ : k e Nq} consists 
of orthogonal vectors in F^{Hn) and ||w''|| = —7=^. We denote by i^s^(D™) the closed span of these 

V '''k 

vectors, and call it the symmetric weighted Fock space associated with the noncommutative domain D™. 

If Q is a set of noncommutative polynomials, we define the subspace A^q of F^(_ff„) by setting 

Mq := s|)an{VK„g(W^i, . . . , Wn)Wp{l) : qeQ,a,f]e ¥+}. 

Theorem 4.4. Let f = X]|a|>i '^aXa be a positive regular free holomorphic function on [i3(7i)"]p, p > 0, 
and let Qc be the set of all polynomials of the form 

ZiZj ~ ZjZi, i, j = 1, . . . , n. 

Then the following statements hold: 

(i) F^(Df) = span{zA : A G D} „(C)} = ATq^ F\Hn) Q Mq^. 
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(ii) The symmetric weighted Fock space i^^ (D™) can be identified with the Hilhert space iJ^(Dy- ^(C)) 
of all functions Lp : D^- ^(C) — *■ C which admit a power series representation ip{X) = X^IcgNq '^kA'' 
with ^ 

\Wh = I^kl'^ <oo. 

keNo 7k 

More precisely, every element — X^keNo '^kW*' in F^CD™) has a functional representation on 
D} „(C) given by 

^(A) za) = J2 A = (Ai, . . . , A„) e D}^„(C), 

kfENo 

and 

|^(A)| < "'^"^ A = (Ai, . . . , A„) e D},„(C). 



(iii) r/ie mapping Kf : Djq(C) x Djjj(C) — > C defined by 

Kfifi.X):^- i /oraZZ A, AiGD}„(C) 



is positive definite, and Kf(fi,X) ~ {z\,Zfj). 
Proof. First, we prove that 

span{zA : A £ D}^„(C)} C ^^(D;;^) C Mq^. 

Notice that the first inclusion is due to that fact that z\ — X^keN" A'^7kw'' for A € D ^ (C) . To prove 
the second inclusion, note that, due to relation (jl.Sp . we have 

7k \ ^ US™-) //,('") / 

for any k e Ng, a,/3 G F+, i,j = l,...,n. This shows that G A/g^ and proves our assertion. To 
complete the proof of part (i), it is enough to show that 

Nq^ Cspan{zA : A G D}.„(C)}. 

To this end, assume that there is a vector a; := X]/3eF+ '^P^P ^ ^Qa x A- z\ for all A G Dj: ^(C). Then, 
using (14. ip . we obtain 



\/3eF+ / keNJ \/3eAk / 

for any A G D| ^^(C). Since Di ^(C) contains an open ball in C", we deduce that 



(4.4) cp^b^^^ = for aU k G N[f. 

/3eAk 

Fix (3q G Ak and let /3 G Ak be such that /3 is obtained from [3q by transposing just two generators. So 
we can assume that (3o — jgjgiuj and f3 = jgigjOj for some 7,0; G F+ and i ^ j, i,j = 1, . . . ,n. Since 
a: G A/g^ = F'^{Hn) Q Mq^, we must have 

(x, - w,w,)wui)) = 0, 

which implies = °f . Since any element 7 G Ak can be obtained from /3o by successive transpo- 

sitions, repeating the above argument, we deduce that 

- for all 7GAk. 
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Setting t :— , we have — tJh^"^\ 7 G Ak, and relation (|4.4p implies t — Q (remember that 



1^0 

> 0). Therefore, = for any 7 € Ak and k e Nq, so x = 0. Consequently, we have spanjzA : A £ 
D}„(C)}=AAq,. 

Now, let us prove part (ii) of the theorem. Since the set {w^ : k G Nq } consists of orthogonal vectors 
in F'^{Hn) with = . , and FgiTi'V-) the closed span of these vectors, any ip £ F^^(D^^) has a 

unique representation f = X^keN c^uj^ with ||(p||2 = X^keN |ckp-(7;Ty < 00. Note that 

for any A £ 'Dj^{C) and k e Ng. Hence, every element = SkeNo '-k^'' in i^j^(D™) has a functional 
representation on Dy ^(C) given by 

(^(A) (^, za) = 5^ CkA^ A - (Ai, . . . , A„) e D}_„(C), 

ksNo 

and, due to dO]) . 

l¥'l|2 



l^(A)| < II^IUII^aI' 



1 ^ I]|q|>1 flalAal 



The identification of F^(Df) with ^^(D} „(C)) is now clear. 
As in the proof of Theorem 14.11 we deduce that 

I- J2 a<iAaA„ j = ^ ^^'"^ A^A^ 

I"I>1 / /36F+ 

if (Ai,...,A„) £ D}_„(C). Similarly, if (/xi, . . . , At„) £ D}_JC) = D} „(C) n ^(C), we deduce that 

/3eF+ \ |a|>l 

Since 

the result in part (iii) follows. The proof is complete. □ 

Let Jc be the ii;*-closed two-sided ideal of the Hardy algebra F^(Dj') generated by the commutators 

W,Wj-W,W,, z,j = l,...,n. 

Since WiWj — WjWi £ Jc and every permutation of k objects is a product of transpositions, it is clear 
that WaWf3 - WpWa e Jc for any a,P £ F+. Consequently, W^{WaWi} - W0Wa)W^ £ Jc for any 
a,(3,j,uj £ F+. Since the polynomials in Wi, . . . ,Wn are w* dense in i^^(D™), we deduce that Jc 
coincides with the w*-closure of the commutator ideal of i^^(D™). 

Define the operators on F^(DJ'') by 

Li PF^{Vf)Wi\Fi{Vf), z = 1, . . . ,n, 

where Wi, . . . , Wn are the weighted left creation operators associated with D™. Let ip{Wi, . . . , Wn) £ 
F^CDf) and denote := PF^{Df)f{Wi, Wn)\F^{-Df)- According to Theorem O and Theorem 
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[441 the vector zx is in F^CDf) for A G D} „(C), and ip{Wi, . . . , W„)*za = ipiX)zx. Consequently, we 
have 

[M^7/;](A) = (Af^7/;,ZA) 

= ((p(T4^i,...,Ty„)^,^A) 
= (V',^(T4^i,...,W^„)*^a) 

= (^,^za) = ^(A)V(A) 

for any V € F^{T>J) and A G D}_„(C). Therefore, the operators in PF2(Df)F^{'Df)\F^{Dy) are "ana- 
lytic" multipliers ofF^^(D™). Moreover, 

||A/^|| = sup{||^/||2 : / e F^iBf), 11/11 < 1}. 

In particular, for each i = l,...,n, Li is is the multiplier Af^. by the coordinate function. Let 
H°° (Dj: ^{C)) be the algebra of all multipliers of the Hilbert space H'^ (D^j: ^{C)) . In what follows, we 
show that the algebra 7?°°(Dj ^(C)) is reflexive. 

First, we need to recall some definitions. If A G B{H) then the set of all invariant subspaces of A 
is denoted by Lat A. For any U C B{Ti) wc define 

Lat = Pi Lat A. 

Aeu 

If S is any collection of subspaces of 7i, then we define Alg S by setting 

Alg 5 := G B{n) : 5 C Lat A}. 
We recall that the algebra U C B{Ti) is reflexive ilU ^ Alg Lat U. 

Theorem 4.5. The algebra i7°°(DjQ(C)) is reflexive and coincides with the weakly closed algebra gen- 
erated by the operators Li, . . . , Ln and the identity. 

Proof. First we show that (Dj ^{C)) is included in the weakly closed algebra generated by the 
operators ii,...,L„ and the identity. Suppose that g = X^keNo ''k^'' ^ bounded multiplier, i.e., 
Mg G B{F^{'Df)). As in Section 3, using Cesaro means, one can find a sequence of polynomials 

Pm = '^c^'^w^ such that Mp^ converges to Alg in the strong operator topology and, consequently, 
in the VFOT-topology. Since Mp^ is a polynomial in Li, . . . , L„ and the identity, our assertion follows. 

Now, let X G i?(F^^(D™)) be an operator that leaves invariant all the invariant subspaces under 
each operator ii,...,L„. Due to Theorem 14.11 we have L*z\ — XiZ\ for any A G Djq(C) and i — 
1, . . . , n. Since X* leaves invariant all the invariant subspaces under L\, . . . , L* , the vector z\ must be 
an eigenvector for X* . Consequently, there is a function tp : Djo(C) — > C such that X*z\ — if{\)zx 
for any A G D/,o(C)- Notice that, if / G F^(DJ), then, due to' Theorem HH Xf has the functional 
representation 

(X/)(A) - {Xf, zx) - (/, X*zx) - v{\)f{\) for aU A G D}^„(C). 

In particular, if / = 1, then the the functional representation of A'(l) coincide with Lp. Consequently, 
</5 admits a power series representation on D^.^(C) and can be identified with X{1) G F^CDy). More- 
over, the equality above shows that (ff G i?^(DyQ(C)) for any / G F^{'DJ^). This shows that (p is 
in H°°{'Dj ^{C)) and completes the proof of reflexivity. Hence, 7?°°(Djq(C)) is a WOT-closed algebra 
containing ii, . . . , L„ and the identity. This implies the second part of the theorem. □ 
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5. NONCOMMUTATIVE VARIETIES, BEREZIN TRANSFORMS, AND UNIVERSAL MODELS 

In this section, we consider noncommutative varieties VJ^q{'H) C D™(7i) determined by sets Q of 
noncommutative polynomials, and associate with each such a variety a universal model . . . , _B„) G 
V™g(A/Q), where A/g is an appropriate subspace of the full Fock space. We introduce a constrained non- 
commutative Berezin transform and use it to obtain analogues of the results of Section 2, for subvarieties. 
We also show that, under a natural condition, the C*-algebra C*{Bi, . . . , i?„) is irreducible and all the 
compacts operators in -B(A/g) are contained in the operator space span{ _Bq,_B| : a,(3 G ^t}- These 
results are vital for the development of a model theory on noncommutative varieties. 

Let / := J2\a\>i'^aXa be a positive regular free holomorphic function on [B{H)"']p, p > 0, and let 
Wi, . . . ,Wn be the weighted left creation operators associated with the noncommutative domain D™. 
Let Q be a family of noncommutative polynomials and define the noncommutative variety 

^rs(^) - {(^1' ■ • • e ■■ 9(^1- ■ ■ -^n) - for any q E Q} . 

We associate with V™g the the operators Bi, . . . , Bn defined as follows. Consider the subspaces 

(5.1) MQ:^m^{Wa,q{Wi,...,Wn)Wfj{l): qeQ,a,f3e¥+} 

and TVg := F^(iJ„) Q Mq. We assume that A/g ^ {0}. It is easy to see that A/g is invariant under each 
operator , ■ ■ ■ ,W* and A^, . . . , A* . Define Bi := PmoWiIj^q and Ci := Pmq-^iWq for i = 1, . . . , n, 
where Pvg is the orthogonal projection of F^{Hn) onto A/g. Notice that q{Bi, . . . ,Bn) = for any 
q G Q. By taking the compression to the subspace A/g, in Theorem ll.3i we obtain similar results, where 
the universal model {Wi, . . . , Wn) is replaced by the n-tuple {Bi, . . . , i?„). In particular, we deduce that 
{Bi, . . . , Bn) G VYqV^q) is a pure n-tuple of operators which will play the role of universal model for 
the noncommutative variety V™q. 

For each n-tuple T :— (Ti, . . . ,T„) G V™g(7i) with rf{Ti, . . . ,Tn) < 1, we introduce the constrained 
noncommutative Berezin transform at T as the map : B(Mq) — s- B(Ti.) defined by 



(5.2) 

(\ — m / \ —m 

l"l>i / \ l"l>i / ' 

where At,™,/ := [{id — <I>/.t)™(/)]^^^ and x,y <eTC. We define the extended constrained noncommutative 
Berezin transform at any T g V™g(7i) by setting 

(5.3) B^[5] :=4Sq*(5®^w)4j'!s' 9 ^ B{Uq), 

where the constrained noncommutative Berezin kernel associated with the n-tuple T e V™g(7i) is the 
bounded operator K^j^ q : TL —t TVg ® Af^rn,T'H defined by 

where K^j!^ is the Berezin kernel associated with T € D™(7i). 

Using the results from Section 2 (see Proposition 12. 4p . one can show that the constrained nocommu- 
tative Berezin transforms B^ and B^ coincide for any n-tuple of operators T := (Ti, . . . , r„) e V™g(H) 
with joint spectral radius rf{Ti, . . . , T„) < 1. 

Theorem 5.1. Let f he a positive regular free holomorphic function on [i?(7i)"]p, p > Q, and let Q he 
a family of noncommutative polynomials such that A/g ^ {0}. // T :— (Ti, . . . , r„) is a pure n-tuple of 
operators in the noncommutative variety V™g(7i), then the restriction of the constrained noncommutative 

Berezin transform B^ to span{ _Ba_B^ : a,/3 G F+} is a unital completely contractive linear map such 
that 

Bf,(B„S;) = T„T^ a,/?eF+. 
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Proof. Using Lemma 12.31 we have 

(^K'f^^x,Wa,q(Wi,...,Wn)Wp{l)®y) = (x,T^q{T^,...,Tn)TpK^^^\l®y) =Q 
for any x ^ H, y G Af^m,T'H, and q E Q. Hence, we deduce that 

(5.4) range K^^^ (ZMq® l^f,m,T'H. 

Due to the definitfon of the constrained Berezin kernel associated with the n-tuple T E V™g(7i), and 
using Lemma 12.31 and relation (|5.4p , we obtain 

(5.5) i^j;^;gT: = (B;®/«)4Sg, aeF+. 

Since (|5.4p holds and K^j^ is an isometry, so is k'J^ q. Consequently, using relation [531 we deduce that 
W^iB^B}) = K^f]^Q{B^B} ® /H)if}Sg = T^T*p, a,/3 G F+. 

Now, one can easily deduce that is a unital completely contractive linear map on span{i3cti3^ : a, /3 G 
F+}. The proof is complete. □ 

We recall that an n-tuple of operators T := (Ti, . . . , r„) € V™g(W) has the radial property with respect 
to the noncommutative variety Vf QiU) if there is 5 € (0, 1) such that rT := (rTi, . . . ,rT„) e VJ^Q{n) 
for any r G {S, 1). 

Theorem 5.2. Let f be a positive regular free holomorphic function on [i3(7i)"]p, p> 0, and let Q be a 
set of homogenous polynomials. Let T :— (Ti, . . . , r„) be an n-tuple of operators with the radial property 
in the noncommutative variety V™g(7i) and let S := span{ a,(3 G ^t}- Then there is a unital 
completely contractive linear map ^'/.t.q ■ S B{T-L) such that 

(5.6) «'/,t,q(5) = limB^j,[5], g G 5, 



m 



where the limit exists in the norm topology of B{Ti.), and ^'/^t,q(SqS^) = T^T^, a, (3 E F+. //, v 
addition, T is a pure n-tuple of operators, then 

limB^^[5]=B^[5], 5G5, 

r— *1 

where the limit exists in the norm topology of B(Ti). 

Proof Let S G (0, 1) be such that rT := (rTi, . . . , rT„) G Bf{n) for any r G {S, 1). Since Q consists of 
homogenous polynomials we also have rT G V™g(7i). Moreover, we can show, as in the proof of Theorem 

15.11 that range i^l™^ C A/q (8) H for any r G {S,l), where if j-™^ is the Berezin kernel associated with 
rT G T>f{H). Moreover, 

^/"1q^'"'^o - {b: ® In)K\%,Q, « e F+, 
where i^j-^T Q ■~ (BaTq ^ Ii-d^'^frT constrained Berezin kernel and Bi P^^ Wi Ia/'q , i = 1, . . . , n. 

Since rT is pure, ifj^T q isometry. Consequently, as in the proof of Theorem 12.71 we deduce that 
there is a unique unital completely contractive linear map ^'p,T,Q : S B{H) such that '^p^T,Q{BaB*p) = 
ToTp, a, /3 G F+. The rest of the proof is similar to that of Theorem We shall omit it. □ 

Assume now that p is a positive regular noncommutative polynomial and let be the noncommu- 
tative domain it generates. The next result will play an important role in Section 6, where we develop a 
model theory on noncommutative subvarieties of D™ . 

Theorem 5.3. Let Q be a set of noncommutative polynomials such that 1 G A/g, and let (i?i, . . . ,-Bri) 
be the universal model associated with the noncommutative variety V™g. Then all the compact operators 
in B{Mq) are contained in the operator space 

span{B„B^ : a,/3GF+}. 

Moreover, the C* -algebra C*{Bi, . . . , _B„) is irreducible. 
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Proof. Since 1 €E A/g and A/g is an invariant subspace W* , i = I, . . . ,n, we use Theorem 1 1.31 to obtain 

<i>p,B)"(/AAa) = P^fa " *p,w)™(/f^(h„))] Wa = P^aPcWa = Pc^^ 
where P^''^ is the orthogonal projection of TVg onto C. Fix 

5(W^i,...,M^„) ^ and ^= ^ c^e^ G AO C i^2(i/„), 

and note that 

P^^giB,, . . . , S„)*C = (e, . . . , i?„)(l)) . 

Consequently, we have 

(5.7) . . . , B^)P^'g{B^, . . . , i?„)*e = (?, .9(Bi, ■ • • , 9(^1, • ■ ■ , i?„)(l) 

for any polynomial q{Bi, . . . , Bn). Hence, we deduce that the operator q{Bi, . . . , Bn)F^'' g{Bi, . . . , Bn)* 
has rank one and, since F^'^ — {id — ^p.b)"^{In'q), it is in the operator space span{i?ai3^ : a,/? e F^}. 
On the other hand, due to the fact that the set of all vectors of the form ^ daBa{l) with m e N, 

a I <m 

da e C, is dense in A/g, relation (|5.7p implies that all compact operators in B{Mq) are included in the 
operator space span{ _Bq.-B^ : a, /3 G F+}. 

To prove the last part of this theorem, let ^ {0} be a subspace of Ag C F^{Hn), which is jointly 
reducing for each operator Bi, i = 1, . . . , n. Let ip € Ai, ip3 ^ Q, and assume that ip — cq + ^ CaCa- If 

q|>1 

C/3 is a nonzero coefficient of (p, then PcBpip ~ —t^=ci3. Indeed, since 1 G Ag, one can use relation (II. 5p 

V 

to deduce that 

{Pcb;^, 1) - (/v.i^^V, 1) = {w*^^, 1) - -^cp. 

Since (^PcB^(f, e-y'^ — for any 7 e F+ with I7I > 1, our assertion follows. On the other hand, since 

_ $p3)™(/jVq) and M is reducing for . . . , i3„, we deduce that e M, so 1 e M. Using 
once again that A4 is invariant under the operators . . . , -B„, we have f C A4. On the other hand, 
since £ is dense in A/g, we deduce that A/'g C M. Therefore A/g — M. This completes the proof. □ 



We say that two n-tuples of operators (Ti, . . . , r„), T, e B{n), Siud {T{, . . . ,T;^), Tl e B{H'), are 
unitarily equivalent if there exists a unitary operator U : Ti. Ti.' such that 

Ti ~ U*TIU for any i — 1, . . . , n. 

If {Bi, . . . , Bn) is the universal model associated with the noncommutative variety V™g, then the ?i-tuple 
[Bi ^ I-j-c, ■ ■ ■ , Bn 'S) Ih) is called constrained weighted shift with multiplicity dimTi. Using Theorem 15. 31 
one can easily prove that two constrained weighted shifts associated with the noncommutative variety 
V™Q are unitarily equivalent if and only if their multiplicities are equal. 

We remark that all the results of this section are true in the commutative case, i.e., when 

Qc := {ZiZj - ZjZ^ : i, j = 1, . . . , n}. 

According to the results of Section 4 (see Theorem 14.41 and the remarks preceding Theorem 14. 5p . the 
space A/g^ coincides with the symmetric weighted Fock space F^^D™), which can be identified with the 
Hilbert space H'^ (Dj, ^(C)) . Moreover, under this identification, the operators Bi, i = 1, . . . ,n, become 
the multipliers M\. by the coordinate functions on the Hilbert space H^(D\ o(*^))- 
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6. Model theory on Noncommutative Varieties 

In this section, we obtain dilation and model theorems for the elements of the noncommutative variety 
V™g(H) C D™(H) generated by a set Q of noncommutative polynomials. 

We recall that A/g := F^{Hn) Q A4q, where the subspace A^g is defined by (|5.1|) . We keep the 
notations of the previous sections. Our first dilation result on noncommutative varieties is the following. 

Theorem 6.1. Let f be a positive regular free holomorphic function on [i?(7i)"]p, p > 0, and let Q 
be a family of noncommutative polynomials such that A/g ^ {0}. If T :~ (Ti, . . . ,T„) is an n-tuple of 
operators in the noncommutative variety V™g(?i), then there exists a Hilbert space K, and and n-tuple 
(C/i ...,[/„) e V™g(/C) with ^f.u{lK) = Ik and such that 



(i) Ti. can be identified with a co-invariant subspace of JC := {MQ®lS.f^m,TTi)®^ under the operators 



u. 



1, 



where A/,„,,t := [(id - (/)]i/2. 
(ii) T* ^V*\nfori^l,...,n. 

Moreover, JC — {0} if and only if (Ti, . . . ,T„) is pure n-tuple of operators in V™g(7Y), i.e., $^ ^,(7) — > 
strongly, as fc — > 0. 

Proof. We recall that the operator Q/.t SOT- lim $^ is well-defined. We use it to define 



Y ■.H^JC:= Q]'^n by Yh Q]'^h, h e H. 

1/2 

For each i = 1, . . . , n, let : Qj rpTl — > /C be given by 

(6.1) L,Yh:=YT*h, heH. 
Note that Li, i — 1, . . . ,n, are well-defined due to the fact that 

WL^iYhf = {T,Qf,TT*h,h) <—(<S>f^j.(Qf^T)h,h) 

= — ||Qy>|p = — 

Since / is positive regular free holomorphic function, we have Og. ^ for any i = \, . . . ,n. Consequently, 
Li can be extended to a bounded operator on /C, which will also be denoted by Li. Now, setting Ui := L* , 
i — 1, . . . , n, relation (16. 1|) implies 

(6.2) Y*U^^T,Y*, i = l,...,n. 
Using this relation and the fact that f^riQ f,T) — Qf,T, we deduce that 

Y*^f^uilK)Y = ^f,TiYY*) = YY*. 

Hence, 

{^f^u{lK)Yh,Yh) = {Yh,Yh), hen, 

which implies ^f^uilK) — Ik- Now, using relation (|6.2p . we obtain 

Y*q{Ui,...,Un)^q{Ti,...,T.n)Y* ^Q, q£ Q. 

Since Y* is injective on /C = YH, we have q{Ui, . . . , C/„) = for any q e Q. Let F : ^ [Nq ®H]®1C 
be defined by 



V 



Y 

Notice that V is an isometry. Indeed, due to relations ^ 



ni) and (inUl), we have 



\\vhr^\\K\'z[^hr + \\Yhr 



f,T,Q' 

f -SOT- lim {^)T{I)h,h) + \\Yh\\'^ 
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for any h € H. Now, using relations (15. 5p . (16. ip . and (|6.2p . we obtain 

= {B* (8) lH)K^^T,Qh ® ^^/^'/i 
iJ* 



for any h G H and i = 1, . . . ,n. Identifying H with V^Ti we complete the proof of (i) and (ii). The last 
part of the theorem is obvious. □ 

We need the following result concerning power bounded positive linear maps on BiJi). 

Lemma 6.2. Let : B{Ti.) — > B{TC) he a power hounded positive linear map and let D G B{Ti.)he a 
positive operator such that ip{D) < D. If m > 1, then 

{id - ip)"\D) = if and only if ip{D) = D. 

In particular, if ip is a positive linear map such that ip{I) < / and {id — ipy^{I) = 0, then ip{I) = I . 

Proof. According to Lemma |2.1[ we have 

E r 7 ) ^'^'^ - (^) - ^ - E rt J - 

for any g e N. Consequently, if (id — (p)"''{D) — 0, then 

m — 1 y .\ 

Using Lemma 12.21 we deduce that D ~ limg^oo f'^{D)- Since 1^9 is a positive linear map and (p{D) < D, 
we have 

D ^ lim (/?«(£>)<...< ip'^{D) < tp{D) < D. 

q — >oo 

Hence, we deduce that (p{D) = D. The converse is obvious. □ 

Let C*(r) be the C*-algebra generated by a set of operators F C B{JC) and the identity. A subspace 
H C JCis called ^-cyclic for F if /C = span{X/i, X € C*(r), h G 7i}. The main result of this section is the 
following model theorem for the elements of a noncommutative variety V™g(7i). 

Theorem 6.3. Let p he a positive regular noncommutative polynomial and let Q be a set of homogenous 
polynomials. Let Ti. he a separable Hilhert space, and T :— (Ti, . . . , r„) he an n-tuple of operators in the 
noncommutative variety V™g(7i) with the radial property, i.e., 

rT (rTi , . . . , rT„) G V'^^Q{n) for any r G {5, 1) 

and some 5 £ (0, 1). 

Then there exists a ^-representation tt : C*(i?i, . . . ,-Bn) ~* B{K,t^) on a separable Hilhert space /C^, 
which annihilates the compact operators and 

^p,Tr{B){lK^) = Ik„, 

such that 



(i) Ti. can he identified with a ^-cyclic co-invariant suhspace of K. := (A/q (81 Ap^^.T^i) ® /Cjr under 
each operator 



T:{Bi) 

where Ap.™,T := [(irf- $p,t)™ {1)]'^^; 
(ii) T* =V*\nfori^l,...,n. 



1, 
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Proof. Applying Arveson extension theorem to the map ^'p,T,Q of Theorem 15.21 we find a unital 
completely positive hnear map ^p,T,Q : C* {Bi, . . . , Bn) — > B{H) such that '^p.T.QiBaBp) = TaTp for 
a.p e F+. Let TT : C*(i?i, . . . , B„) B{JC) be a minimal Stinespring dilation [S^ of 4'p,T,Q- Then 

^p,t,q{X) ^ PHHX)\n, X eC*{Bi,...,Bn), 

and AC = span{7r(X)/i : /i e 7i}. Now, one can easily see that that P-]-cTT{Bi)\i^± — 0, i — l,...,n. 
Consequently, Ti. is an invariant subspace under each ■K{Bi)* , i = 1, . . . , n, and 

(6.3) niB,r\n^-^p,T,QiB:)=T*, z = 

Since 1 € A/q, Theorem l5.3l implies that all the compact operators C{Nq) in B{Mq) are contained in the 
C*-algebra C*{Bi, . . . , i3„). Due to standard theory of representations of C*-algebras [5], representation 
TT decomposes into a direct sum tt = ttq © tt on /C = A^o © AC-n-, where ttq, tt are disjoint representations of 
C*{Bi, . . . , Bn) on the Hilbert spaces 

/Co span{S-(X)^ : X € C(AAe)} and /C^ := /Cfj-, 

respectively, such that tt annihilates the compact operators in B(AfQ), and ttq is uniquely determined 
by the action of n on the ideal C{Nq) of compact operators. Since every representation of C{Nq) is 
equivalent to a multiple of the identity representation, we deduce that 

(6.4) Ko^MQ®g, no{X)^X®Ig, X e C*(Bi, . . . , S„), 
for some Hilbert space Q. Using Theorem 15.31 and its proof, one can easily see that 

/Co := span{^^(X)/C : X e C(AAq)} 

= span{HBf3Pc''B*JJC : a,f3e F+} 

= span {^(B^) [{id - <fp,*(B))™(/ic)] /C : /? e F+} . 

According to Theorem 15.31 the operator {id — '^p,b)™'{In'q) — is a projection of rank one in 

C*{Bi, . . . , Bn). Hence, we deduce that {id - $p,7r(B))™(-^K:„) = and 



dim Q = dim 



range 7r(Pj 



iA/'q - 



Since the Stinespring representation n is minimal, we can use the proof of Theorem 15.31 to deduce that 

range if (P^« ) =span{^(P^«)S-(B|)/i : /3 G F+ /i e H}. 
On the other hand, it is easy to see that 

(^n{P^^)n{B:)h,n{P^^)n{B*)k) = {h,T^ [(id - $p,t)'"(/w)] T*/i) - (Ap,„,TT>, A^.^^rT^fc) 

for any h,k G Ti. and a,/5 G F+. This implies the existence of a unitary operator A : range 7r(i-^'^) — > 
^p.m,T'H defined by 

A[^P^^)n{B*^)h] Ap^„r,TT*h, hen,ae¥+. 

This shows that 

dim[range7r(P^®)] — dim Ap^^.T^ = dim^. 
Using relations (|6.3p and (|6.4p . and identifying Q with Ap^m,T'H, we obtain the required dilation. On 
the other hand, due to the fact that {id — $p ^^(B))"^-^^^ ) = 0, we can use Lemma [6.21 to deduce that 
^p,Tr{B){Iic^) = Ik„- The proof is complete. □ 



A few remarks are needed. A closer look at Theorem 16.31 reveals that one can replace the poly- 
nomial p with a positive regular free holomorphic function / and obtain a model theorem for any n- 
tuple {Ti, . . . ,Tn) G VJ^q{'H) with the radial property. More precisely, one can show that there is a 
^-representation tt : C*{Bi, . . . , i?„) B{JCt^) such that Ti. is an invariant subspace under each operator 
n{B,)* and T* = n{B,)*\H for i = 1, . . . , n. 

On the other hand, notice that using the proof of Theorem 16.31 and due to the standard theory of 
representations of C*-algebras, one can deduce the following Wold type decomposition for non-degenerate 
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^-representations of the C*-algebra C* {Bi, . . . , Bn), generated by the the constrained weighted shifts 
associated with V™q, and the identity. 

Corollary 6.4. Let p be a positive regular noncommutative polynomial and let Q be a set of noncom- 
mutative polynomials such that 1 g A/g. Let . . . , _B„) be the universal model associated with the 
noncommutative variety Vp'g. // n : C*{Bi, . . . , Bn) B{K,) is a nondegenerate ^-representation of 
C*{Bi, . . . , Bn) on a separable Hilbert space IC, then n decomposes into a direct sum 

IT — ttq (B TTi on /C = /Co0/Ci, 

where ttq and tti are disjoint representations of C*(i?i, . . . , Bn) on the Hilbert spaces 

ICo -.^ span {TT{Bf}) [{id- <i>p^^(B))"^ {lie)] IC : f3 and JCi := JC^ , 

respectively, where tt{B) :— (7r(_Bi), . . . ,7r(_B„)). Moreover, up to an isomorphism, 

JCn~NQ®g, TTo{X)=X®Ig for X e C*{Bi,...,Bn), 

where Q is a Hilbert space with dimQ — dim {range [{id ~ 'l'p,7r(S))™ {^k)] } : o^iT-d tti is a ^ -representation 
which annihilates the compact operators and 

If ir' is another nondegenerate -representation of C*{Bi, . . . , Bn) on a separable Hilbert space K,' , then 
TT is unitarily equivalent to tt' if and only if dim Q = dim Q' and tti is unitarily equivalent to tt[ . 

We remark that under the hypotheses and notations of CoroUarv 16.41 and setting Vi := n{Bi), i = 
1, . . . ,n, the foUowing statements are equivalent: 

(i) V :~ {Vi, . . . , Vn) is a constrained weighted shift in the noncommutative variety V™g(/C); 

(ii) SOT- hm = 0; 



(iii) IC ^spMi{Vp [{id -%y)^ {I)] IC: I3e¥+} 
[>JrV/3 [{id - %y)'^{I)] = Ik, whei. 



(iv) [{id - $p,v)'"(/)] = Ik, where feL"^ are the coefficients defined by (fTTjl . 



We mention that, under the additional condition that 

span{B„B^: a, /3 e F+} = C* (Bi, . . . , S„), 

the map 5'p,t,q in the proof of Theorem 16.31 is unique. The uniqueness of the minimal Stinespring 
representation 50J and the the above-mentioned Wold type decomposition imply the uniqueness of the 
minimal dilation of Theorem [ 



Corollary 6.5. Let V := {Vi, . . . ,K) e V^g(/C) be the dilation of T := (Ti, . . . ,r„) e V^^Q{n), given 
by Theorem \6.3[ Then, 



(i) V is a constrained weighted shift if and only if T is a pure n-tuple of operators; 

(ii) ^p.y{Ij^) = Ij^ if and only if ^p,t{Ih) = In- 



Proof. According to Theorem 16. 31 we have 





*p,t(^w) = Pn 
which implies 

SOT- hm ^l^{Ij^)^Pj^ 



■ 




[n 




"0 











for fc = 1,2,. 



\n. 



Consequently, T is pure if and only if PhPk„ — 0. The latter condition is equivalent to _L (0 © /C^), 
which, according to Theorem 16.31 is equivalent to C A/g (8" Ap^m.TH. On the other hand, since 
A/g ® Ap^jn.rH is reducing for Vi, . . . ,Vn, and K. is the smallest reducing subspace for Vi, . . . ,Vn, which 
contains H, we must have IC = Mq ® Ap m^xH- Therefore, item (i) holds. 
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To prove part (ii), note that 







Hence, we deduce that (id — ^p.y)™ (Ij^) = if and only if [(id — $p,_b)™ (^Vq)] % ^ = 0. On the 

5" 



other hand, we know that (id — <i>p,s)™ (XVq) — ■ Consequently, (id — $p.v)™ (/^) = if and only 



if /S.p^rn,T = 0. Now, using Lemma 16.21 we obtain the equivalence in part (ii). The proof is complete. □ 
We mention now a few remarkable particular cases, when Theorem 16.31 applies. 



Remark 6.6. (i) In the particular case when m = 1, n = I. p = X, and Q = Q, we obtain the 
classical isometric dilation theorem for contractions obtained by Sz.-Nagy [see [51j . [52]). 

(ii) When m — I, n > 2, p — Xi + • • • + Xn, and Q — we obtain the noncommutative dilation 
theorem for row contractions (see j21j . |13j . |31j ). 

(iii) In the single variable case, when m > 2, n = 1, p = X , and Q = 0, the corresponding domain 
coincides with the set of all m-hypercontractions studied by Agler in [T], and recently by 
Olofsson ES], E?]. 

(iv) When m > 2, n > 2, p = Xi + • • • + X„, and Q = 0, the elements of the corresponding domain 
D™(7i) can be seen as multivariable noncommutative analogues of Agler 's m-hypercontractions. 

(v) In the particular case when Qc consists of the polynomials ZiZj — ZjZi, i, j ~ 1, . . . , rt, we recover 
several results concerning model theory for commuting n-tuples of operators. The case n > 2, 
m > 2, p = Xi + - ■ • + and Q = Qc, was studied by Athavale [9 , Miiller |24j . Miiller-Vasilescu 
[25], Vasilescu [4^, and Curto-Vasilescu |14j . 

(vi) When p is a positive regular noncommutative polynomial and Q consists of the polynomials 

W,Wj-W,W,, z,j = l,...,n, 

we obtain the dilation theorem of S. Pott [48] . 

(vii) When m = 1, n> 1, andp is any positive regular noncommutative polynomial we find the dilation 
theorem obtained in [47^ . 

We expect to use the results of the present paper to obtain functional models for the elements of the 
noncommutative domain D™(7i) (resp. subvariety V™g(7i)), based on characteristic functions. 
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